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Abstract

Sincethe Lucas-Kanadalgorithmwasproposedn 1981limagealignmenthasbecomeoneof the
mostwidely usedtechniquesn computervision. Applicationsrangefrom optical o w, tracking,
andlayeredmotion,to mosaicconstructionmedicalimageregistration,andfacecoding. Numer
ous algorithmshave beenproposedand a variety of extensionshave beenmadeto the original
formulation. We presentan overvienv of imagealignment,describingmostof the algorithmsin
a consistenframewnork. We concentrateon the inverse compositionaklgorithm, an ef cient al-
gorithm that we recently proposed. We examinewhich of the extensionsto the Lucas-Kanade
algorithm can be usedwith the inversecompositionalalgorithm without any signi cant loss of
ef ciency, andwhich cannot.In this paper Part 3 in a seriesof paperswe cover the extensionof
imagealignmentto allow linear appearancgariation. We rst considerinear appearancegaria-
tion whentheerrorfunctionis the EuclideanL2 norm. We describethreedifferentalgorithms the
simultaneousproject out, and normalizationinversecompositionalalgorithms,and empirically
comparethem. Afterwardswe considerthe combinationof linear appearanceariationwith the
robusterror functionsdescribedn Part 2 of this series.We rst derive robustversionsof the si-
multaneousandnormalizationalgorithms. Sinceboth of thesealgorithmsarevery inef cient, as
in Part2 we derive ef cient approximationdasedn spatialcoherenceWe endwith anempirical
evaluationof therobustalgorithms.

Keywords: Imagealignment,unifying framework, the Lucas-Kanadalgorithm,theinversecom-

positionalalgorithm,linearappearanceariation,robusterrorfunctions.



1 Intr oduction

Imagealignmentconsistsof moving, and possiblydeforming,a templateto minimize the differ-
encebetweenthetemplateandanimage. Sinceits rst usein the Lucas-Kanadealgorithm[13],
imagealignmenthasbecomeoneof the mostwidely usedtechniquesn computervision. Besides
optical o w, someof its otherapplicationsncludetracking[5, 11], parametri@andlayeredmotion

estimation4], mosaicconstructior{15], medicalimageregistration[6], andfacecoding[14, 7].

The usualapproacho imagealignmentis gradientdescent.A variety of othernumericalal-
gorithmshave alsobeenproposed10], but gradientdescents the defactostandard We propose
aunifying framework for imagealignment,describinghe variousalgorithmsandtheir extensions
in a consistenmanner Throughoutthe framewvork we concentraten the inverse compositional
algorithm,anef cient algorithmthatwe recentlyproposed2, 3]. We examinewhich of theexten-
sionsto theLucas-Kanadealgorithmcanbeappliedto theinversecompositionablgorithmwithout
ary signi cant lossof ef ciency, andwhich extensiongequireadditionalcomputation Wherever

possiblewe provide empiricalresultsto illustratethe variousalgorithmsandtheir extensions.

In this paper Part 3 in the serieswe cover imagealignmentwith linearappearanceariation.
Linearappearanceariationhasbeenconsideredy a numberof authorsmostnotablyby Hager
and Belhumeurfor illumination [11], by Black and Jepsorfor generalappearanceariation[5],
andby CootesandTaylor for non-rigidfacemodeling[7]. As in Part 2, we distinguishtwo cases:
(1) whentheerrorfunctionis the EuclideanL2 norm (the casethatthe error functionis a general

weightedL2 normis similar), and(2) whentheerrorfunctionis arobusterrorfunction.

We considerthe Euclideancasein Section3. We rst derive the “simultaneous’inversecom-
positionalalgorithmwhich, asthe nameimplies, performsa simultaneou®ptimizationover the
warp andappearancparametersWe thenderive an ef cient approximatiorto the simultaneous
inversecompositionabklgorithmandalsodescribethe extremelyef cient “project out” algorithm
proposedby HagerandBelhumeur{11]. The projectout algorithm rst projectsout the appear

ancevariationandjust solvesfor the warp parameters.Thenin a secondstep,it solvesfor the
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appearancparametersWe studythe projectout algorithmin the casethatthe appearanceari-
ation containsa “gain” term, show thatthe stepsize canbe computedncorrectly andproposea
way of correctingtheerror. We alsodescribahe“normalization”algorithmwhich attemptdo nor-
malizetheinputimagesothatit hasthe sameappearanceomponentisthetemplate A variantof
thenormalizationalgorithmis frequentlyusedwhenthe appearanceariationconsistof gainand
bias.We endSection3 by empiricallycomparingall threeEuclideanalgorithmsandtheir variants.
We considerthe robustcasein Section4. We rst derive robustversionsof the simultaneous
andnormalizationalgorithms.Sincebothof thesealgorithmsareinef cient, asin Part2 we derve
ef cient approximationdasedon spatialcoherencef the outliers. It is not possibleto directly
generalizehe projectout algorithmbecauséehereis no notion of orthogonalityfor a robusterror

function. We endwith anempiricalevaluationof the robustappearanceariationalgorithms.

2 Background: Image Alignment Algorithms

2.1 The Lucas-KanadeAlgorithm

The original imagealignmentalgorithmwasthe Lucas-Kanadelgorithm[13]. The goal of the
Lucas-Kanadealgorithmis to align a templateimage to an input image , Where

is acolumnvectorcontainingthepixel coordinatesLet denotetheparameterized
setof allowedwarps,where is avectorof parametersThewarp takes

thepixel inthetemplate andmapsit to thesub-pidel location in theimage .

2.1.1 Goal of the Lucas-KanadeAlgorithm

The goal of the Lucas-Kanadealgorithmis to minimize the sum of squarederror betweentwo

imagesthetemplate andtheimage warpedbackontothecoordinaterameof thetemplate:

(1)



Warping backto compute requiresinterpolatingtheimage atthe sub-pixel loca-
tions . The minimizationin Equation(1) is performedwith respecto andthe sumis
performedoverall of thepixels inthetemplatemage . Minimizing theexpressiorin Equa-
tion (1) is a non-linearoptimizationtaskevenif is linearin  becausehe pixel values

are,in general,non-linearin . In fact, the pixel values are essentiallyun-relatedto
the pixel coordinates . To optimizethe expressionn Equation(1), the Lucas-Kanadalgorithm
assumeghat a currentestimateof  is known andtheniteratively solvesfor incrementgo the

parameters ;i.e.thefollowing expressions (approximatelyminimized:

(2)

with respecto  , andthenthe parameterareupdated:

®3)

Theseawo stepsareiterateduntil theestimate®f the parameters cornverge. Typically thetestfor

convergences whethersomenormof thevector  is belov athreshold ; i.e.

2.1.2 Derivation of the Lucas-KanadeAlgorithm

The Lucas-Kanadalgorithm(which is a Gauss-Neton gradientdescenhon-linearoptimization
algorithm)is thenderived asfollows. The non-linearexpressionin Equation(2) is linearizedby

performinga rst orderTaylor expansionon to give:

— 4)

In this expression, — — isthegradientof image evaluatedat ; l.e. is

computedn thecoordinatdrameof andthenwarpedbackontothecoordinatdrameof using
the currentestimateof the warp . (We follow the notationalcorventionthatthe partial

derivativeswith respecto a columnvectorarelaid outasa row vector This corventionhasthe
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adwantagethatthe chainrule resultsin a matrix multiplication,asin Equation(4).) Theterm —

is the Jacobianof thewarp. If then:

— ®)

Equation(4) is a leastsquaregroblemandhasa closedfrom solutionwhich canbe derived as

follows. The partialderivative of the expressionn Equation(4) with respecto is:

— — (6)
Thendenote:
— (7)

thesteepestlescentmages.Settingthe expressionin Equation(6) to equalzeroandsolvinggives

the closedform solutionof Equation(4) as:

(8)
where isthe (Gauss-Neton approximatiorto the) Hessianmatrix:
9)
and:
(10)

is theerror image. The Lucas-Kanadalgorithm,summarizedn Figure 1, consistsof iteratively
applying Equationg8) and(3). Becausdhegradient = mustbe evaluatedat andthe
Jacobian— at , they bothdependon . In generaltherefore boththe steepest-desceimages
andtheHessiammustberecomputedn every iterationof thealgorithm.SeeFigurel.
Assumethatthenumberof warpparametergs andthenumberof pixelsin is . Thetotal
computationatostof eachiterationof the Lucas-Kanadealgorithmis . Themost

expensve stepby faris Step6. SeeTablel for asummaryand[3] for the details.
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The Lucas-KanadeAlgorithm

Iterate:

(1) Warp with to compute
(2) Computetheerrorimage usingEquation(10)
(3) Warpthegradient  with
(4) Evaluatethe Jacobian— at
(5) Computethe steepestlescentmages usingEquation(7)
(6) ComputetheHessiammatrix  usingEquation(9) andinvertit
(7) Compute
(8) Compute
(9) Updatethe parameters
until

Figure 1. The Lucas-Kanadalgorithm[13] consistsof iteratively applying Equations(8) & (3) until the
estimateof the parameters corverge. Typically the testfor corvermgenceis whethersomenorm of the
vector is belov a userspeci edthreshold . Becausdhegradient  mustbe evaluatedat

andtheJacobian— mustbeevaluatedat , all 9 stepanustberepeatedn everyiterationof thealgorithm.

Tablel: Thecomputatiorcostof oneiterationof the Lucas-Kanadalgorithm.If  is the numberof warp
parameterand isthenumberof pixelsin thetemplate , thecostof eachiterationis . The
mostexpensve stepby faris Step6, thecomputatiorof theHessianwhich alonetakestime

Stepl | Step2| Step3 | Stepd | Step5S Step6 Step7 | Step8| Step9 Total

2.2 The InverseCompositional Algorithm
2.2.1 Goal of the InverseCompositional Algorithm

As a numberof authorshave pointed out, thereis a huge computationalcostin re-evaluating
the Hessianin every iteration of the Lucas-Kanadealgorithm[11, 8, 15]. If the Hessianwere
constanit could be precompute@ndthenre-used.In [3] we proposedheinversecompositional
algorithmasa way of reformulatingimagealignmentso that the Hessians constantand canbe
precomputedAlthoughthe goal of theinversecompositionaklgorithmis the sameasthe Lucas-

Kanadealgorithm(seeEquation(1)) theinversecompositionahlgorithmiteratively minimizes:

(11)



with respecto andthenupdateghewarp:

(12)
Theexpression:

(13)

is the compositionof 2 warpsandthe expression is theinverseof

The Lucas-Kanadalgorithmiteratively appliesEquationg2) and(3). The inversecomposi-
tional algorithmiteratively appliesEquationg11) and(12). Perhapsomaeavhatsurprisingly these
two algorithmscanbe shavn to beequialentto rst orderin . They take (approximatelythe

samestepsasthey minimizethe expressionn Equation(1). See[3] for the proof of equivalence.

2.2.2 Derivation of the Inverse Compositional Algorithm

Performinga rst orderTaylor expansionon Equation(11) gives:

— (14)
Assumingthat is theidentity warp, the solutionto this least-squaregroblemis:
(15)
where arethe steepest-desceimageswith replacedy
— (16)
is the Hessiarmatrix computedusingthe new steepest-desceimages:
(17)



The InverseCompositional Algorithm

Pre-compute:

(3) Evaluatethegradient of thetemplate

(4) Evaluatethe Jacobian— at

(5) Computethe steepestiescentmages usingEquation(16)
(6) Computethe Hessiammatrix usingEquation(17) andinvert it

Iterate:

(1) Warp with to compute
(2) Computetheerrorimage usingEquation(10)
(7) Compute
(8) Compute
(9) Updatethewarp
until

Figure 2. The inversecompositionalalgorithm[2, 3]. All of the computationallydemandingstepsare
performedoncein a pre-computatiorstep. The mainalgorithmsimply consistof imagewarping(Stepl),
imagedifferencing(Step2), imagedot products(Step7), multiplication with the inverseof the Hessian
(Step8), andthe updateto thewarp (Step9). All of thesestepsareef cient andtake time

andtheJacobian— is evaluatecdat . Sincethereis nothingin eitherthe steepest-desceim-
agesor theHessiarthatdepend®n , they canbothbe pre-computedTheinversecompositional
algorithmis summarizedn Figure2. (See[1] for a schematiaiagramof thealgorithm.)

The inversecompositionalalgorithm is far more computationallyef cient than the Lucas-
Kanadealgorithm.SeeTable2 for a summary The mosttime consumingsteps Steps3—6,canbe
performedonceasa pre-computatiortakingtime . The only additionalcostis in-
verting andcomposingt with . Theseawo stepgypically require oper
ations.Seeg[3]. Potentiallythese2 stepscouldbefairly involved,asin [14], but the computational
overheads almostalways completelynegligible. Overall the costof the inversecompositional

algorithmis periterationratherthan , asubstantiakaving.

3 Linear AppearanceVariation with the EuclideanL2 Norm

All of thealgorithmsin [3] (thereare9 of them)aim to minimize the expressionn Equation(1).

Performingthis minimizationimplicitly assumethatthetemplate appearsn theinputimage
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Table2: Thecomputatiorcostof theinversecompositionahlgorithm. The onetime pre-computatiorcost

of computingthe steepestiescenimagesandthe Hessiarin Steps3-6is . After that,the cost
of eachiterationis asubstantiabaving overtheLucas-Kanadéerationcostof
Pre- Step3 | Stepd | Stepb Step6 Total

Computation

Per Stepl | Step2 | Step7 | Step8 | Step9 Total
Iteration

, albeitwarpedby . In variousscenariosve mayinsteadwantto assumehat:

(18)

appeardn the input image (warpedappropriately)where , is a setof known
appearanceariationimagesand , isasetof unknavn appearancparametersi-or
example,if we wantto allow an arbitrarychangein gain andbiasbetweenthe templateandthe
inputimagewe mightset tobe and tobethe"all one”image.Givenappropriatevalues
of and ,theexpressionn Equation(18) canthenmodelary possiblegainandbias. More
generally the appearancemages canbe usedto modelarbitrarylinearillumination variation
[11] or generalappearanceariation[5, 14]. If the expressionin Equation(18) shouldappear

(appropriatelywarped)in theinputimage , insteadof Equation(1) we shouldminimize:

(19)

simultaneouslyvith respecto thewarpandappearancparameters, and .In
theremaindeiof this sectionwe derive threedifferentalgorithms(andsereral variantsof them)to

minimizethe expressionn Equation(19), beforeevaluatingall of thealgorithmsin Section3.4.
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3.1 The SimultaneousinverseCompositional Algorithm
3.1.1 Goal of the Algorithm

Our rst algorithmperformsGauss-Neton gradientdescensimultaneouslyon thewarp and
appearance parametersWe usetheinversecompositionaparameteupdateon thewarp param-
eters.Theappearancparameterareupdatedvith theusualadditive algorithm.Compositiordoes
not have any meaningfor them. Replacing with in Equation(11), the

inversecompositionaklgorithmto minimize Equation(19) operatedy iteratively minimizing:

(20)

simultaneouslywith respectto and , andthen updatingthe warp
andtheappearancparameters
3.1.2 Derivation of the Algorithm
Performinga rst orderTaylor expansionon and in Equation(20),
andassumingsin Section2.2.2that is theidentity warp, gives:
— — (21)

Neglectingsecondrderterms,the above expressiorsimpli es to:

(22)
To simplify thenotation,denote:

(23)



i.e. isan dimensionatolumnvectorcontainingthewarpparameters concatenatedith

theappearancparameters . Similarly, denotethe dimensionakteepest-descembages:

(24)

Finally, denotethe modi ed errorimage:

(25)
Equation(22) thensimpli es to:

(26)
theminimumof whichis attainedat:

(27)
where is the Hessiarwith appearanceariation:

(28)

In summarythe simultaneousnversecompositionaklgorithmfor appearanceariationproceeds
by iteratively applying Equations(24), (25), (27), and (28) to compute . The incremental
updatego the warp andappearance parametergarethenextractedfrom andusedto
updatethewarp andtheappearancparameters
Unfortunatelythe steepestiescenimagesdepencnthe(appearancg)arameters andsomust
bere-computedn everyiteration. Theresultis thealgorithmsummarizedn Figure3. Overallthe
algorithmis evenslowerthantheoriginal Lucas-Kanadalgorithmbecaus¢he computationatost
of mostof the stepsdepend®n thetotal numberof parameters ratherthanjustthe number

of warpparameters. SeeTable3 for a summaryof the computatiorcost.
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The SimultaneousinverseCompositional Algorithm

Pre-compute:

(3) Evaluatethegradients  and for
(4) Evaluatethe Jacobian— at

Iterate:

(1) Warp with to compute
(2) Computetheerrorimage usingEquation(25)
(5) Computethe steepestlescentmages usingEquation(24)
(6) Computethe Hessiammatrix usingEquation(28) andinvert it
(7) Compute
(8) Compute
(9) Update and
until

Figure3: Thesimultaneousversecompositionahlgorithmfor appearanceariationoperatedy iteratively
applyingEquationg24), (25), (27),and(28)to compute . Theincrementalipdatego thewarp and
appearance parameterarethenextractedirom andusedio updateheparameters Step9. Because
thesteepestiescenimagesdependntheappearancparametergseeEquation(24)), Stepy5) and(6) must
beperformedn everyiteration. SeeTable3 for asummaryof the computationatost.

Table3: The computatiorcostof the simultaneousnversecompositionablgorithm. Overall the algorithm
is evenslowerthanthelLucas-Kanadalgorithmbecaus¢hecomputationatostof mostof thestepsdepends

onthetotal numberof parameters ratherthanjustthe numberof warpparameters .
Pre- Step3 Step4d Total
Computation
Per Stepl Step2 Step5 Step6
Iteration
Step7 Step8 Step9 Total

3.1.3 An Efcient Approximation

Themainreasorthesimultaneousversecompositionahlgorithmis soslow is becaus¢he steep-
estdescenimagesdependon the appearanc@arameters.SeeEquation(24). One possibleap-
proximationto thealgorithmis to assumehatthe appearancparameterslo notvary signi cantly.

The steepestlescentmagesareonly computedonceusingtheinitial estimateof theappearance
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parametersAfterwardsthey areneverupdated As aresultStepy5) and(6) canbe movedto pre-
computation.The onetime pre-computatiortostthereforebecomes

andthe costper iterationbecomes . This approximationresultsin a
hugeperformancencreaseHowever, theresultis still notasef cient astheinversecompositional
algorithmwithout appearanc&ariationbecausehe computationatostof mostof the stepsstill
depend®nthetotalnumberof parameters ratherthanjustthenumberof warpparameters.
In Section3.4we empiricallyinvestigatahe extentto whichthis ef ciency approximatiorreduces

therobustnesandspeedf corvergenceof the simultaneousnversecompositionablgorithm.

3.2 The Project Out InverseCompositional Algorithm
3.2.1 Goal of the Algorithm

Althoughtheoptimizationin Equation(19)is non-linearwith respecto thewarpparameters, it
is linearwith respecto the appearancparameters . In [11], Hagerand Belhumeumproposecd
way of decomposin@ very similar optimizationinto two steps.The rst stepis anon-linearopti-
mizationwith respecto thewarpparameterdyut performedn asubspacé whichtheappearance
variationcanbeignored. The secondstepis a closedform linear optimizationwith respecto the
appearanc@arametersWe refer to this type of algorithmasa “project out” algorithmbecause
in the rst stepthe appearanceariationis “projectedout” We now derive the equivalentproject
out inversecompositionalalgorithm. (Hagerand Belhumeur[11] usedan algorithmthatis less
generakthantheinversecompositionahlgorithm[3].) We alsopoint out onefailing of the project

outalgorithm,namelythe estimationof the stepsize,andproposea methodof correctingit.

3.2.2 Derivation of the Algorithm

If we treattheimagesasvectorsoverthepixels we canrewrite Equation(19) as:

(29)
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where istheunweighted Euclidean).2 norm. This expressiormustbe minimizedsimultane-

ouslywith respecto and . If we denotethelinearsubspacspannedy a collectionof vectors

by andits orthogonakcomplemenby Equation(29) canberewritten as:
(30)
where denotesthe EuclideanL2 norm of a vector projectedinto the linear subspace .

The secondof thesetwo termsimmediatelysimpli es. Sincethe normin the secondterm only
considerghe componenbf thevectorin the orthogonakcomplemenbf , any component

in canbedropped.We thereforewish to minimize:

(31)

The secondf thesetwo termsdoesnotdependupon . Forary ,theminimumvalueof the rst
termis alwaysexactly becauséheterm canrepresenary vectorin .Asa
result,thesimultaneousninimumoverboth and canbefoundsequentiallyby rst minimizing
the secondterm with respectto  alone,andthentreatingthe optimal valueof asa constant
to minimize the rst termwith respecto . Assumingthatthe appearanceariationvectors
are orthonormal(if they are not they can easily be orthonormalizedusing Gram-Schmidt)the

minimizationof the rst termhasthe closed-formsolution:

(32)

The only differencebetweenminimizing the secondtermin Equation(31) andthe original goal
of the Lucas-Kanadalgorithm (seeEquation(1)) is thatwe needto work in the linear subspace

. Workingin this subspaceanbe achiezedby usingaweightedL2 norm[1] with:

(33)
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(assumingagainthatthevectors  areorthonormallandminimizing:

(34)

i.e. minimizing the secondermof Equation(31) andminimizing the expressiorin Equationg33)
and (34) are exactly the samething. See[1] for the details. We canthereforeusethe inverse
compositionalalgorithm with this weightedL2 norm (describedn Part 2 [1]) to minimize the

secondermin Equation(31). Theweightedsteepestiescentmagesare:

— (35)
(seeEquation(29) of [1]) andsocanbecomputed:

— — (36)
i.e.theunweightedsteepestiescentmages — areprojectednto by remov-
ing thecomponentn thedirectionof | for in turn. TheweightedHessiammatrix:

— — (37)
canthenalsobe computedas:
(38)

becausé¢heinnerproductof two vectorsprojectednto alinearsubspacés the sameasif justone
of thetwo is projectednto thelinearsubspaceAgain, see[1] for moredetails.

In summaryminimizing the expressionn Equation(19) simultaneouslyith respecto and

canbe performedby rst minimizing the secondermin Equation(31) with respecto using

theinversecompositionaklgorithmwith the quadraticform in Equation(33). The only changes
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The Project Out InverseCompositional Algorithm

Pre-compute:

(3) Evaluatethegradient of thetemplate

(4) Evaluatethe Jacobian— at

(5) Computethesteepestlescentmages usingEquation(36)
(6) Computethe Hessiarmatrix usingEquation(38) andinvert it

Iterate:

(1) Warp with to compute
(2) Computetheerrorimage usingEquation(10)
(7) Compute
(8) Compute
(9) Updatethewarp
until

Post-Computation:
(10) Computetheappearancparameters usingEquation(32)

Figure4: The projectout inversecompositionaklgorithmis very similar to the original inversecomposi-
tional algorithm. The only changesare: (1) to computethe projectout steepestiescenimagesin Step5,
(2) to computethe projectout Hessiarin Step6, and(3) to computethe appearancparameterin SteplO.
Theonlinecomputationatostis almostidenticalto the original algorithmandis summarizedn Table4.

neededo thealgorithmare: (1) to usetheweightedsteepestlescentmagesn Equation(36),and
(2) to usethe weightedHessianin Equation(38). Oncethe inversecompositionaklgorithmhas
corverged,theoptimalvalueof canbe computedusingEquation(32) where arethe optimal
warp parametersThe projectout inversecompositionaklgorithmis summarizedn Figure4.

The computationatostof the projectout inversecompositionaklgorithmis almostidentical
to that of the original inversecompositionalalgorithm. SeeTable2. The only extra costis in
Step5 andStepl10. Thecomputatiorof thesteepestiescentmagesn Step5 is substantiallymore
involved,but this stepis a pre-computatiostep. The computatiorof theappearancparameterss

minimal justtakingtime . Thecomputatiorcostis summarizedn Table4.

3.2.3 Caveat: StepSizeModeling Gain

Overall the projectout algorithmperformswell, asis demonstrateéh Section3.4. Thereis one

scenario,however, whenit performsparticularly poorly. In particular if the linear appearance
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Table4: The computationatostof the projectout inversecompositionaklgorithmis almostidenticalto
theoriginalinversecompositionablgorithm.Theonly additionalcostis: (1) computingthesteepestiescent
imagesn Step5, and(2) the oneoff extra costof computingthe appearancparameters Stepl0.

Pre- Step3 | Step4d Step5 Step6 Total
Computation
Per Stepl | Step2 | Step7 | Step8 | Step9 Total
Iteration
Post- Stepl10 Total
Computation

variationis usedto model“gain,” the stepsizeis estimatedncorrectlyaswe now show.
As mentionedabove, onecommonuseof linearappearanceariationis to modelgainandbias.

If and isthe*“all one”image,Equation(18) becomes:
(39)

which hasa gain of andabiasof (relativeto theoriginal template.)Any gainandbias
canthereforeberepresented-or now supposehatonly gainis modeledj.e. set

If theinputimage is a perfectmatchto thetemplate with no appearanceorrection
(for somesetof warp parameters ), thenthe input image mustalso be a perfectmatch
with the appearanceorrection (andthe samesetof warp parameters .) Whenthe

appearanceariationconsistof , the parameteupdatefor is:

(40)

The termdisappearbecause andsothesteepestiescentmageshave nocomponent

inthe direction.Theinnerproduct is thereforezero. Similarly, the parameter

updatefor is:

(41)
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So,althoughthe projectout algorithmwith the two inputs and shouldcorvergeto the
samewarp parameters , the algorithmtakes stepsthat are larger by a factorof in the second
case.lf thealgorithmwill thereforelikely diverge becausét takestoo big steps.If
thealgorithmwill probablystill corverge,but the rateof corvergencewill bevery slow.
Thereare variousways to correctfor this “step-size”problem. One possibility is to usea
dynamicstep-sizeadjustmentalgorithm like Levenbeg-Marquardt[3]. Suchalgorithmscheck
thateachstepof thealgorithmresultsin animprovementin theerror. If theerrordoesnotimprove
andthe algorithmis diverging, a smallerstepsizeis tried. Anotherpossibility is to computethe

magnitudeof the componenbf in thedirectionof (normalizedappropriately):

(42)

andthenreducethe stepsize computedn the projectout algorithmby thatfactor;i.e. insteadof

usingStep8 in Figure4 use:

- (43)

As canbeseenwhenthegainis approximately and ,then andsothe
step-sizecorrectiondoesnot affectthealgorithm. Similarly, whenthegainis and

, then andthe step-sizes correctedappropriately The additionalcomputational
costof evaluatingEquations(42) and(43) is just andsois ngyligible. In Section3.4 we

empirically evaluatethe step-sizecorrectionalgorithmde ned by Equationg42) and(43).

3.2.4 Discussion

Supposéhat . The setof imagesspannedy is thenthe sameif
for ary , or evenfor ary otherimagein ; i.e. the appearance
modelis the samefor a variety of differenttemplates. Any of thesetemplatescould be usedwith

theprojectout algorithmandtheresultshouldtheoreticallypethesame.In particular if themodel
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includesa biasterm, the “all one” imageis a very badchoicefor the template.In this case the
gradientof the templateandthe steepestlescenimageswould all be exactly zero,a degenerate
caseandthealgorithmwould not be applicable.This degenerag suggestshatsomeimagesare
not asgooda choicefor the templateasothers. The questionof whatis the bestchoicefor the
template andwhetherthe choiceof the templateaffectsthe projectout algorithmdifferentlythan

it doesthe simultaneouslgorithmareoutsidethe scopeof this paperandareleft for future study

3.3 The Normalization InverseCompositional Algorithm
3.3.1 Goal of the Algorithm

Onefrequentlyusedway of copingwith gainandbiasvariationis to “normalize” boththetemplate
andtheinputimage . In particulay in mary applicationssuchasfacerecognition

usingeigenficeshe meanpixel intensitiesor colors,aresetto zerovia:

— (44)
Next, the vector is setto have unit normvia:

— — (45)
Similarly, thesetwo stepsare alsoappliedto . Theresultis to remove the effect of

gainandbias. Moreover, thegainandbiascaneasilybe computedrom and . We now derive

asimilar normalizatioralgorithmfor arbitrarylinearvariation.

3.3.2 Derivation of the Algorithm

Equation(44) canbere-arrangedo:

— — (46)
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Equation(44) canthereforebe regardedas projectingout the (unit) vector — — . Our

proposafor a normalizationalgorithmis to performananalogoustepfor eachappearanceector

. A minor difference,however, is that insteadof projectingout the entire componentn the

direction  from both and , We insteadproject out only enoughso that the
componentof is the sameas that of the template . One possibleway to do
this would be to apply the appropriatenormalizationto directly after Step1 of the

algorithm(seeFigure?2). In turnsout, however, thataftersomesimplealgebrathis normalization
canbe achiezed by normalizingthe errorimageso that the componenbf the errorimagein the
direction is zero;i.e. this makesthe componenbf and in the direction

thesame As anaddedbene t, anestimateof theappearancparameter canbecomputedn the

processin particular the normalizationstepconsistof:

(47)

whereagainwe assumehatthe  areorthonormal.lnsertingthis stepinto the inversecomposi-
tional algorithmgivesthe normalizationnversecompositionablgorithmsummarizedn Figure5.
Theonly differencebetweerthe normalizationalgorithmandthe inversecompositionahlgorithm
is the additionof Step2a. Hence,the computationcostof the two algorithmsis similar. SeeTa-
ble 5 for asummary Step2amustbe performedin every iteration(unlike the analogousStep10
in the projectout algorithm)and so the normalizationalgorithmcanbe substantiallyslower than

the projectoutinversecompositionablgorithmwhen

3.3.3 StepSizeAdjustment Modeling Gain

Thenormalizationinversecompositionaklgorithmis proneto the sameerrorin the stepsizeesti-
matethatthe projectout algorithmis. SeeSection3.2.3. The samecorrectioncanbe applied.We

canevenusethenormalizatioralgorithmto computethe stepsizecorrectionevenmoreef ciently .
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The Normalization InverseCompositional Algorithm

Pre-compute:
(3) Evaluatethegradient of thetemplate
(4) EvaluatetheJacobian— at

(5) Computethe steepestlescentmages usingEquation(16)
(6) Computethe Hessiarmatrix usingEquation(17) andinvert it

Iterate:
(1) Warp with to compute
(2) Computetheerrorimage usingEquation(10)
(2a) Estimate andcompute usingEquation(47)

(7) Compute

(8) Compute

(9) Updatethewarp
until

Figure5: The normalizationinversecompositionalalgorithmis almostexactly the sameasthe original

inversecompositionaklgorithm. The only differenceis the additionof Step2ain which theinputimage
is normalizedusingtheerrorimage ). Thecomputatiorcostof thealgorithmis therefore

similarandis summarizedn Table5. If thenormalizationalgorithmcanbealot slowver however.

Table5: The computatiorcostof the normalizationinversecompositionablgorithmis almostidenticalto
thatof the original inversecompositionablgorithm. The only changds the additionof Step2a. Step2ais
analogouso Stepl0in theprojectoutalgorithm. Thedifference however, is thatStep2amustbeperformed
in every iterationandsothe normalizationalgorithmcanbealot slower thanthe projectoutalgorithm.

Pre- Step3 | Stepd | Stepb5 Step6 Total
Computation
Per Stepl | Step2 | Step2a | Step7 | Step8 | Step9 Total
Iteration
If we aremodelinggainand ,then in Equation(42) canbeestimateds:
(48)
andthenthe stepsizecorrected:
- (49)

In Section3.4we empiricallyevaluatethe step-sizecorrectionde ned by Equationg48) and(49).
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3.4 Experimental Results

We conducteda variety of experimentsto comparethe performanceof the 3 linear appearance
variationalgorithms(simultaneougversecompositionalprojectout, andnormalizationandtheir
variants. Our experimentalprocedurds similar to thatin [3]. In particular we startedwith the
image in Figure2 of [3]. We manuallyselecteda pixel template in thecenter
of theface.We thenaddedheappearanceariation to . Theexactchoiceof

, and depend®ntheexperimentin questionandis describedn detailbelow.

We thenrandomlygenerate@f ne warps in thefollowing manner (We usethesame
procedurethat was usedin [3].) We selected3 canonicalpointsin the template. We usedthe
bottomleft corner , the bottomright corner , andthe centertop pixel asthe
canonicalpoints. We thenrandomlyperturbedhesepointswith additve white Gaussiamoiseof
acertainvarianceand t for theafne warpparameters thatthese3 perturbedpointsde ne. We
thenwarped with the afne warp andrun the variousalgorithms

startingfrom theidentity warp. Whereappropriatethe appearancparameterareinitializedto .

Sincethe 6 parameteri theaf ne warp have differentunits,they mustbe combinedn some
way. We usethesameerrormeasurasin [3]. Giventhecurrentestimateof thewarp,we compute
thedestination®f the 3 canonicapointsandcompardghemwith thecorrectlocations.We compute
theRMS erroroverthe 3 pointsof thedistancebetweertheir currentandthecorrectiocations.(We

preferthis errormeasurgo normalizingthe unitssothatthe 6 parametergrrorarecomparable.)

Asin [3], we computethe“averagerateof convergence’andthe“averagefrequeng of corver-
gence’overalargenumberof randomlygeneratednputs(5000to beprecise).Eachinputconsists
of adifferentrandomlygenerate@f ne warp. For the simultaneousindnormalizationalgorithms
we sometimeslsoplot a“rate of convergenceof theappearancparameters”This measures only
meaningfulfor the projectout algorithmafterthe algorithmhascorverged. The errormeasurdor

theappearancparameterss the Euclidean_2 normof theappearancparametewector .
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3.4.1 Experiment 1: Comparisonwith InverseCompositional

Thegoalof Experimentl is to shav thatall of thelinearappearanceariationalgorithmscancope
with someappearanceariation,andyetstill performaswell astheoriginalinversecompositional
algorithmwhenthereis no appearanceariation.In otherexperimentsve will investigatehow the
algorithmscomparewith varying degreesof appearancegariation,andin the presencef additve
noise. For now, we just considera very simplecase.In particular we just use appearance
variationimage . Thespeci cimagethatwe usedis theimageof adifferentfaceapproximately
alignedwith thefacein thetemplate.(As describedn Section5.4 we aremakingall of our code
availablesothatthereadercanexperimentwith otherchoicesfor )

Theresultsareshavn in Figure6. In Figures6(a)and(b) we includeplots of the cornvergence
rateandfrequeng of corvergencefor , No appearanceariation. In Figures6(c) and(d)

we includesimilar plots for ——, arelatively large amountof appearancgariation

(the appearanceariationaccountdor approximatelyone quarterof the combinedinput image).
We includecurvesfor 5 algorithms,(1) the original inversecompositionaklgorithmwith no ap-
pearancevariation modeling (IC), (2) the simultaneousnversecompositionalalgorithm (SIC),
(3) the efcient variantof the simultaneouslgorithm (SIC-EA), (4) the project out algorithm
(PO),and(5) thenormalizationalgorithm(NIC). Themainthingsto notein Figure6 are: (1) with

no appearanceariation( ) all of thealgorithmsperformalmostidentically, and(2) with
—— theoriginalinversecompositionablgorithmperformsfarworse whereasll four

of theappearanceariationalgorithmsperformverywell, andsimilarly. Theseresultsdemonstrate
thatall 4 of theappearanceariationalgorithmscancopewith fairly substantialinearappearance

variation,whereaghe original inversecompositionahklgorithmcannot.

3.4.2 Experiment 2: Varying

In Experimen® weinvestigatehow the performancef the4 appearanceariationalgorithms(SIC,

SIC-EA, PO,andNIC) varieswith the amountof appearanceariation. We re-ranExperimentl

22



8 -®-IC 100
s Rl b 2PN
7, -0 SICEA 90} o,
] PO &
6 Q\ - NIC 80 b.&
S QQ o b‘
@56\ ’Q.. B 60l Qb
Sa W «, 2 so .
S & 9 8 B
=3 ’ﬁ “Q. = 40r "
‘0 30r
2%, e‘.e' Q‘Q' [-»-1c
. . & 201 -@- SIC
1 W, AT '9. 10l @7 SICEA
PO
o *9- LERE e-o -$3 &3 o0 Jlowe J
2 1 2 3 4 5 6 7 8 9 10
Iterat|0n Point Sigma
(a) CorvergenceRate, (b) ConvergenceFrequeny,
8 T
%‘ . IS|c 100{3-(3;?::-06_.3 B
7 -®- SIC-EA 90f ‘8.
v, 2 PO * &
6 . -G NIC 80F ‘% ’B:g
s e w8
I.I:.ISG\ 6‘ é 60F \~x~ &B
£ - ® 5 %®, 3
sS4 W <) ¢ ool x, B:u
o \ ““ g *, 'G
23 B, . S 4o *x o
x o S * o
oL le\ ’a:, 30F “x.x
=%-|C
Q’e ugg g ‘&’:& 201 -@- sIC
r 3,:" Bl TR -Q‘-&- -x- -.a.-....._“ 10H] -9 glé:-EA
o T0-090-0-80F oleede J
2 4 6 1 2 3 4 5 6 7 8 9 10
Iterat|0n Point Sigma
(c) CorvergenceRate, — (d) CorvergenceFrequeny, —

Figure6: A comparisorof the inversecompositionalalgorithm with no appearanceariation modeling
(IC) with 4 differentlinearappearanceariationalgorithms:(1) the simultaneousnversecompositionahl-
gorithm(SIC), (2) theef cient variantof thesimultaneouslgorithm(SIC-EA), (3) theprojectoutalgorithm
(PO),and(4) the normalizationalgorithm(NIC). (a) and(b) containresultsfor anddemonstrate
that all of the algorithmsperform similarly with no appearanceariation. (c) and (d) containresultsfor

—— anddemonstrat¢hatthe inversecompositionablgorithmbreaksdown with appearance
variationwhereasll 4 of theappearanceariationalgorithmsareableto copewith theappearanceariation.

with the samesingleappearancenage for avariety of differentvaluesof . In Figure7 we

includeresultsfor — and e
In Figures7(a) and (b) we plot the rate of corvergence,andin (c) and (d) the frequeny of

corvergence.Theresultsshowv thatas  increaseshe 4 algorithmsperformvery differently The

simultaneouslgorithmperformsby farthebest whereasheperformancef theother3 algorithms

(SIC-EC,PO,andNIC) is far worse. (Note, however, thatwhen —— the contribution
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Figure7: A comparisorof the 4 appearancegariationalgorithms(SIC, SIC-EA, PO, NIC) with varying
amountsof appearanceariation. The resultsshav that the simultaneousalgorithm (SIC) performsfar

betterthanthe other3 algorithmsfor very large amountsof appearanceariation. In (e) and(f) we plot the
rateof convergenceof theappearancparameter
estimateof

(e) Appearancé&onvergence,

. For all 3 algorithmsthatestimatét every iteration,the
cornvergesvery quickly. Fortheprojectoutalgorithm, isonly estimatedncethealgorithm
hascorverged. The estimateatthatpointis asaccurateaswith the other3 algorithms however.
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of theappearancanage totheinputimage is twice the contribution of thetemplateitself

In this casethetemplates almostimpossibleto seein theinputimage.)In conclusionthe simul-
taneousalgorithmperformsby far the bestwhenthe appearanceariationis very large. Also note
thattheother3 algorithmsall performalmostidentically. The projectoutandnormalizationalgo-
rithms arevery similar. They bothwork in the subspac@rthogonalto the appearancegariation.
The projectout algorithm projectsthe steepestlescenimagesinto this subspace.The normal-
ization algorithmprojectsthe errorimageinto the samesubspacelt is thereforeto be expected
thatthey performalmostidentically. The factthatthe ef cient approximatiorto the simultaneous
algorithmalsoperformsalmostidenticallyis harderto explain. SeeSection5 for a discussion.

Why doesthe simultaneouslgorithm performfar betterthanthe otherthreealgorithms? It
is fairly easyto understanavhy the ef cient approximationto the simultaneousalgorithmdoes
not performaswell. The approximationn the steepestiescenimagesis explicit in the ef cient
approximatioralgorithm. For the normalizationandprojectout algorithms the poor performance
is causeddy thefactthatthe componenbf the errorimagecausedy the appearanceariationin
thesubspacerthogonalto theappearanceariationis non-zerovhenthealignments not correct.
Implicitly it is assumedhatthis components zero,which it only true whenthe templateis per
fectly alignedto theinputimage. This non-zerocomponengeneratesn unexpectedperturbation
to the parameteupdatesvhich, if largeenoughcancausehealgorithmto diverge.

In Figures7(e)and(f) we plot the rateof corvergenceof the estimateof the appearanceari-
ationparameter . Theresultsshawv thatthe estimate®f the appearanceariationfor all 3 algo-
rithmsthatestimatet every iteration(SIC, SIC-EA, andNIC) all corverge very quickly. For the
projectout algorithm,the appearanceariationis not estimateduntil the algorithmhascorverged,

but whenit is estimatedit is estimatedasaccuratelyaswith the other3 algorithms.

3.4.3 Experiment 3: Varying the Number of Appearancelmages

In Experiment3 we investigatehow the performanceof the 4 appearanceariation algorithms

varieswith the numberof appearancémages. To do this, we needto decide: (1) what the ap-
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pearancémages are,and(2) whattheappearancparameters are.We chosetheappearance
imagedy takingalargeimageof somesceneryandrandomlyselectinganumberof sub-imagesf
theappropriatesize. Theresultsarethenorthonormalizeédndusedasthe . To avoid ary depen-
denceon the magnitudeof the appearanceariation(seeExperiment2), we chosethe appearance
parametersuchthat aswe vary thenumberof appearancenages.
We alsoset to bethesamefor each to spreaduttheappearanceariationequally
Theresultsfor appearancenagesand appearancenagesareshovnin Figure8. Themain
point to noteis thatthe performanceof all 4 appearancgariationalgorithmsis almostidentical.
Thereis avery smalldropoff in performancdetween and appearancemagesputthereis no

evidencethatary of thealgorithmsperformssigni cantly worsethanary of the others.

3.4.4 Experiment 4: Robustnessto Additi ve Noise

In Experiment4 we investigatehow the performanceof the 4 appearanceariation algorithms
variesin the presenceof noise. We repeatedhe conditionsof Experimentl, but following the
procedurdn [3], we addedzero-meanyhite Gaussiamoiseto the inputimage beforewe ran
thealgorithms.Theresultsfor additive noisewith standardleviation 4.0grey levelsand16.0grey
levelsareincludedin Figure9. Theresultsshown thatoverallthe simultaneouslgorithmis slightly
morerobustto noisethanthe otheralgorithms(which performalmostidentically),but notby much.
As in [3] we alsoran experimentsaddingnoiseto thetemplateandthe appearancenages.As in
Figure9, theresultsshov thatall 4 of thealgorithmsperformsimilarly andnoneof thealgorithms
is signi cantly morerobustto noisethanary of the others. The resultsare omitted for lack of

spaceput canberegeneratedisingthe codethatwe aremakingavailable.(SeeSection5.4.)

3.4.5 Experiment 5: Modeling Gain

In Experiment5 we investigatehow the performanceof the algorithmsvariesmodelinggain. To
modelgain,we set andrunthealgorithmsfor a variety of differentvaluesof . As well

asthe 4 appearanceariationalgorithms(SIC, SIC-EA, PO,andNIC), we alsorunthe projectout
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Thereis little evidencethatary of thealgorithmsperformsmuchworsethanary of theothers.
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Figure 9: A comparisonof the 4 appearanceariation algorithmswith varying amountsof zero mean,
white Gaussiamoiseaddedto the inputimagebeforethe algorithmsarerun. Otherwise the experimental
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includedin (a), (c), and(e), andfor noisewith standardleviation 16.0grey levelsin (b), (d), and(f). Overall
thesimultaneouslgorithmis slightly morerohbustto noisethanthe other3 appearanceariationalgorithms.
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algorithmwith the stepsizecorrectiondescribedn Section3.2.3(PO-SS)andthe normalization

algorithmwith the stepsize correctiondescribedn Section3.3.3(NIC-SS).Theresultsfor

(gain ) areincludedin Figuresl0(a)and(b), theresultsfor (gain )in
Figuresl10(c)and(d), andtheresultsfor (gain ) in Figures10(e)and(f).
For (gain ) the projectout andnormalizationalgorithmscornverge far more

slowly thanthe simultaneousilgorithm.Whenthe perturbatiorto theaf ne warpis largeenough,
the algorithmscorverge so slowly thanby 25 iterationsnot all of the trials corverge. Hencethe
convergencdrequeny is affected. Thecorvergencdrequeng of theprojectoutandnormalization
algorithmsis far worsethan the other algorithms. For (gain ) the projectout
andnormalizationalgorithmsdo cornverge mostof the time. Looking at the rate of corvergence
plot in Figure 10(c), however, we seethatthey corverge to a much highererror thanthe other
algorithms.After a point, the projectoutandnormalizatioralgorithmsoscillatearoundthe correct
solution. (This wasveri ed by watchingthe algorithmscorverge.) Becausehe algorithmstake
a stepthatis roughly twice whatit shouldbe, oncethey reachthe approximatelyquadraticpart
of the error function closeto the correctanswey they remainequally far away from the correct
answeyoscillatingbackwardsandforwards.In ourimplementationye useaveryloosede nition

of convergence(RMS pointerror pixels)andsothesecasesrecountedascornvergingandso
thefrequeng of corvergencen Figure10(d)is unafected. For (gain ) the project
out andnormalizationalgorithmsfail to corverge mostof thetime. They take stepsthatareover

twice asbig asthey shouldbe andsothey immediatelydiverge.

As in all previousexperimentsthe projectout algorithm,the normalizationalgorithm,andthe
efcient approximationto the simultaneouslgorithm performalmostidentically The stepsize
correctionsto the projectout andnormalizationalgorithmsdo appearto work correctly Both of
thesemodi ed algorithmsperformvery similarly to the simultaneouslgorithm. Note, however,
thattheunderlyingcauseof thepoorperformancef theunmodi ed projectoutandnormalization
algorithmswith large gainvariationis essentiallythe sameasthe causeof the poor performance

of thesealgorithmwith large appearanceariationin Experiment2. The differenceis thatwhen
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Figure10: A comparisorof the appearanceariationalgorithmsmodelinggain. In additionto the 4 al-
gorithmsstudiedin the previous experimentswe alsoconsiderthe projectout algorithmwith the stepsize
correctiondescribedn Section3.2.3(PO-SS)andthenormalizatioralgorithmwith the stepsizecorrection
describedn Section3.3.3(NIC-SS).Theperformancef theprojectoutandnormalizatioralgorithmswith-
outthe stepsizecorrectionis signi cantly worsethanthe simultaneouslgorithm. The stepsizecorrection
modi cation to thesetwo algorithmdoescorrectthe problemresultingin muchbetterperformance.
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the appearanceariation modelsgain, the error in the computationof the parameteupdatess
only manifestedhsa stepsizeerrorthatcanbe correctedvery simply with the correctionsn Sec-
tions 3.2.3and3.3.3. Whetherthereis a similar correctionthatcould be appliedto the algorithms

for arbitrarylarge appearanceariationis anopenquestionandis left asfuturework.

4 Linear AppearanceVariation with a Robust Err or Function

Anothergeneralizatiorof the expressionin Equation(1) is to usea robusterror functioninstead
of the“sum of squares’dr EuclideanL2 norm. Rolustextensiongo the original inversecomposi-

tional algorithmarethe subjectof Part 2 of this serieg1]. Thegoalin [1] is to minimize:

(50)
with respectto the warp parameters where is a symmetricrobust error function[12]
and is a vectorof scaleparametes. (See[1] for a discussiorof why we

only considersymmetricerrorfunctions.)In [1] we describechow the scaleparameters canbe
estimatedrom theerrorimage . For easeof explanation,n this paperwe treat
thescaleparameterasknown constant@andsodropthescaleparameterfrom . Hencewe
simply denotetherobustfunction . Finally, seg[1] for adiscussiorof how to choose

In this sectionwe considerthe combinationof linear appearanceariationwith a robusterror

function. In particular we investigatenow to minimize:

(51)

simultaneouslyvith respecto thewarp andappearance parametersWe beagin in Section4.1
with a review of the inversecompositionaliteratively reweightedleastsquaresalgorithm[1] to
optimize Equation(50). We proceedn Sections4.2 and4.3 to describerobust extensiongo the
simultaneousindnormalizationalgorithmsof Section3. Both of thesealgorithmsarevery inef-

cient. Hencewe alsoderive ef cient approximationdasedon spatialcoherencdl]. It is not
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possibleto generalizehe projectout algorithmbecausehereis no notion of orthogonalityfor a
robusterrorfunction. We explain why in moredetailin Sectior4.4. We endin Sectiord.5by em-

pirically evaluatingthe robustappearanceariationalgorithmsandtheir ef cient approximations.

4.1 Background: IC lterati vely ReweightedLeast Squares
4.1.1 Goal of the Algorithm

Theinversecompositionalterativelyreweightedeastsquaesalgorithmminimizestheexpression

in Equation(50) by iteratively approximatelyminimizing:

(52)

with respecto andthenupdatingthe warp Theproof
of the rst orderequivalencebetweerniteratingthesetwo stepsandthe forwards additive (Lucas-

Kanade)minimizationof the expressionn Equation(51) is containedn [1].

4.1.2 Derivation of the Algorithm

Performinga rst orderTaylor expansionon in Equation(52) gives:
— (53)
whereagainwe have assumedhat is theidentity warp. Expandinggives:
(54)
where is theerrorimage.Performinga Taylor expansiongives:
(55)
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InverseCompositional Iterati vely ReweightedLeast Squares

Pre-compute:

(3) Evaluatethegradient of thetemplate
(4) EvaluatetheJacobian— at
(5) Computethe steepestiescentmages

Iterate:

(1) Warp with to compute
(2) Computetheerrorimage
(6) ComputetheHessiammatrix  usingEquation(57)
(7) Compute
(8) Compute usingEquation(56)
(9) Updatethewarp
until

Figurell: Theinversecompositionaiteratively reweightedleastsquareslgorithmconsistof iteratively
applyingEquation(56) andupdatingthewarp Becaus¢heHessian

depend®nthewarpparameters it mustbere-computedn every iteration. The naive implementation
of this algorithmis almostasslow asthe original Lucas-Kanadalgorithm.SeeTable6 for the details.

Table 6: The computationakostof the inversecompositionaliteratively reweightedleastsquaresalgo-
rithm. The costof eachiterationis which is asymptoticallyasslow asthe Lucas-Kanade
algorithm. Sincethe algorithmis soslow, in [1] we consideredwo ef cient approximationgo it: (1) the
H-Algorithm [9, 11] and(2) analgorithmthattakesadwantageof the spatialcoherenc®f outliers. Both of
theseapproximationsnove (mostof) the costof computingthe Hessiarinto the pre-computation.

Pre- Step3 | Stepd | Step5 Total
Computation
Per Stepl | Step2 | Stepb Step7 | Step8 | Step9 Total
Iteration

Theminimumof this quadratidorm is attainedat:

(56)

where:

(57)

is the Hessiarmatrix. The algorithmis summarizedn Figurell.
The computationatostof theiteratively reweightedleastsquareslgorithmis summarizedn

Table6. Thealgorithmis asslow asthe Lucas-Kanadalgorithm. Sincethe algorithmis soslow,
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in [1] we consideredwo efcient approximationdo it: (1) the H-algorithm[9, 11] and (2) an
algorithmthattakesadvantageof the spatialcoherencef outliers. Both of theseapproximations
move (mostof) the costof computingthe Hessiarinto the pre-computationEmpirically we found

thatthe secondf thesetwo algorithmsperformsfar betterthanthe rst [1].

4.1.3 Spatial CoherenceApproximation

In the spatialcoherenceapproximationthe templateis subdvided into a setof sub-templatesr
blodks. Usually, if thetemplates rectangulartheblocksaresub-rectangleslthoughotherchoices
arepossible.Supposdhereare  blocks with  pixelsin the  block. Equa-

tion (57) canthenberewritten as:

(58)

Basedonthespatialcoherencef theoutliers[1], assumehat is constanin eachblock;
i.e.assume , say for all . In practicethis assumptioronly holdsapproxi-
matelyandso mustbeestimatedrom , for exampleby settingit to bethe meanvalue

computedovertheblock[1]. Equation(58) canthenberearrangedo:

(59)

Theinternal part of this expressiondoesnot dependon the robustfunction andsois constant
acrosgterations.Denote:

(60)

The Hessian is the Hessianfor the sub-template andcanbe precomputed Equation(59)

thensimpli es to:
(61)
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Although this Hessiandoesvary from iterationto iteration,the costof computingit is minimal:
. Typically (where isthenumberof pixelsin thetemplate)andso
is substantiallysmallerthan , the costof computingthe Hessiann Step6 of the original
inversecompositionalteratively reweightedeastsquareslgorithm.SeeFigure11 andTable6.
The spatialcoherenceapproximatiorto the inversecompositionaiteratively reweightedleast
squareslgorithmthenjust consistf usingEquation(61) to estimatehe Hessiann Step6 rather
thanEquation(57). UsingEquation(61), of courseyequireghattheHessians areprecomputed

for eachblock . Thetotal costof this pre-computatioris

4.2 SimultaneousIC Iterati vely ReweightedLeast Squares
4.2.1 Goal of the Algorithm

Therobustsimultaneousnversecompositionablgorithmoperatedy iteratively minimizing:

(62)

simultaneouslywith respectto and , andthen updatingthe warp
andtheappearancparameters
4.2.2 Derivation of the Algorithm
Theequvalentof Equation(22) in Section3.1is:
— (63)

where is de nedin Equation(25). Then,following Sectiord.1.2leadsto:

(64)
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The Robust SimultaneousinverseCompositional Algorithm

Pre-compute:

(3) Evaluatethegradients and for
(4) Evaluatethe Jacobian— at

Iterate:

(1) Warp with to compute
(2) Computetheerrorimage usingEquation(25)
(5) Computethe steepestlescentmages usingEquation(24)
(6) ComputetheHessiammatrix usingEquation(65) andinvert it
(7) Compute
(8) Compute
(9) Update and
until

Figure 12: The rohust simultaneousnversecompositionaklgorithmis almostidenticalto the Euclidean
versionin Figure3. The maindifferenceis thatin Steps(6), (7), and(8) theterm is added
intothesummation . Thecomputationatostis asymptoticallythe same.SeeTable7 for the details.

where:

(65)

andwhere is de ned in Equation(24). Therobustsimultaneousnversecompositional
algorithmis summarizedn Figure12 andits computationatostin Table7. Overallthealgorithm
is asymptoticallyjust asslow asthe Euclidearnversion.

The ef ciency approximationproposedn Section3.1.3canalsobe appliedto the robustal-
gorithm; i.e. to not updatethe steepestiescenimages from iterationto iteration. On
its own, however, this approximations not aseffective atimproving the ef ciency. Althoughthe
computatiorof the steepestiescenimagesin Step(5) canbe movedto the pre-computationthe
Hessiarstill dependn the currenterrorimage. SeeEquation(65). In orderto alsomove (most
of) Step(6) to the pre-computationye alsoneedto make the spatialcoherenceapproximation.
SeeSection4.1.3for the details. Whencombined however, thesetwo approximationdeadto a
reasonablyef cient algorithmwhich takestime per

iteration.In Sectiond.5we empirically evaluateboth of thesealgorithms ef cient andnot.
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Table7: Thecomputatiorcostof therobustsimultaneougversecompositionablgorithmis asymptotically
exactly the sameasthe computationatostof the Euclidearversion.SeeTable3 for comparison.

Pre- Step3 Step4d Total
Computation
Per Stepl Step2 Step5 Step6
Iteration
Step7 Step8 Step9 Total

4.3 Normalization IC Iterati vely ReweightedLeast Squares

4.3.1 Goal of the Algorithm

The key stepin the Euclideannormalizationalgorithmin Section3.3 is to normalizethe input
image sothatits componenin thedirection  for is the sameasthat
of thetemplate . It turnsoutthatthis normalizationcaninsteadby appliedto theerrorimage.
SeeEquation(47) for the details. Unfortunately it is no longerpossibleto useEquation(47) to
performthe normalizationbecausé&quation(47) relieson thefactthatthe appearanceectorsare

orthonormal With arobusterrorfunctionthe appearanceectorsareno longerorthonormal.

4.3.2 Derivation of the Algorithm

Thegoalof thenormalizationstepin Equation(47) is to make thecomponenbf theerrorimagein
thedirection to bezero,whilst computing atthesametime. We now needto formulatethis

problemusingtherobusterrorfunction. Supposeve have a currentestimateof the errorimage:

(66)
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We thenwish to computeupdatesto the appearancg@arameters that

minimize:

(67)
Theleastsquaresninimumof this expressions:

(68)
where and is theappearancelessian:

(69)

The robust equivalent of the normalizationin Equation(47) is thereforeto compute using
Equationg68) and(69). Theappearancparameterarethenupdated andtheerror
imageis updatedusingEquation(66). The Hessianandsteepestiescenparameteupdateshlso

needgo includetherobusterrorfunction:

(70)

Therobustnormalizationalgorithmis summarizedn Figure13 andthe computationatostin Ta-
ble 8. Overall the computationcostof the robust normalizationinversecompositionaklgorithm
is far more thanthe Euclideanversionin Table5. The computationof the Hessianin Step(6)
mustbe movedto the periterationcomputation.The errorimagenormalizationin Step(2a) also
becomegar morecomputationalljdemandingpecausef the computatiorof theappearanceles-
sianin Equation(69). It is, however, possibleto apply the spatialcoherencepproximation(see
Section4.1.3)to boththe computationof the Hessianin Step(6) andthe computationof the ap-
pearanceédessiann Step(2a). Most of the computatiorof thesetwo computationallydemanding
stepscanthereforebe movedinto the pre-computationWWhenboth of the Hessiansarecomputed

with thespatialcoherencapproximationtheresultis areasonablef cient algorithmwhichtakes
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The Robust Normalization InverseCompositional Algorithm

Pre-compute:

(3) Evaluatethegradient of thetemplate
(4) EvaluatetheJacobian— at
(5) Computethesteepestlescentimages usingEquation(16)

Iterate:

(1) Warp with to compute
(2) Computetheerrorimage usingEquation(66)
(2a) Compute  usingEquationg68)and(69) andupdate and
(6) Computethe Hessiarmatrix usingEquation(70) andinvert it
(7) Compute
(8) Compute
(9) Updatethewarp
until

Figure13: Therohustnormalizatiorinversecompositionablgorithmis similar to the Euclidearversionin
Figure5. Theonly changesretherobust methodto normalizethe errorimagein Steps(2a)and(2), and
theincorporationof the weightingfunction into Stepg(6), (7), and(8).

Table8: Thecomputatiorcostof therobustnormalizatiorinversecompositionahlgorithmis far morethan
the Euclideanversionin Table5. The computationof the Hessianin Step(6) mustbe movedto the per
iterationcomputation.The errorimagenormalizationin Step(2a)alsobecomedar morecomputationally
demandingprimarily becaus@f the computatiorof theappearancelessiann Equation(69).

Pre- Step3 | Stepd | Step5 Total
Computation

Per Stepl Step2 Step2a Step6
Iteration
Step7 | Step8 | Step9 Total
time periteration.In Sectiord.5we empiricallyevaluateboth

of thesealgorithms therobustnormalizationalgorithmandthe ef cient approximatiorto it.

4.4 ProjectOut IC lterati vely ReweightedLeast Squares

The Euclideanprojectout algorithmuseslinear algebrato turn a simultaneou®ptimizationover

and into asequentiabptimization, rst over andthenover . Thekey stepin thederivation
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is thetransitionfrom Equation(29) to Equation(30) usingorthogonality Unfortunatelywhenwe
move to therobusterrorfunctionin Equation(51), the equivalentof this stepis not possible.The
errorimage cannotbe decomposethto the sum
of its componentsn orthogonalsubspacesOrthogonalityis not even de ned for a general
Thereis thereforeno! robustprojectout algorithmthatsequentiallysolvesfor  andthen

An approximations to ignorethelack of orthogonalityandjust continueto usethe Euclidean
projectout steepestiescentmages.This approachs takenin [11], wherethe H-Algorithm [9] is
alsousedto keepthe Hessianconstanto yield anef cient algorithm. In the following sectionwe

empiricallycomparesuchanalgorithmwith therobustsimultaneousindnormalizatioralgorithms.

4.5 Experimental Results

We now evaluate5 of theserobust appearancegariationalgorithms: (1) the robust simultaneous
inversecompositionaklgorithm(RSIC),(2) theef cient approximatiorto therobustsimultaneous
inversecompositionaklgorithmusingthe spatialcoherencepproximatiorto the HessianRSIC-
EA-SC), (3) the robust normalizationinversecompositionalalgorithm (RNIC), (4) the ef cient
spatialcoherencapproximatiorto thenormalizatiorinversecompositionallgorithm(RNIC-SC),
and(5) arobustprojectoutalgorithmvery similarto the HagerBelhumeuralgorithmof [11] which
ignoresthe lack of orthogonalityof the appearancenages keepingthe steepestiescenimages
constantandapproximateshe Hessiarwith the H-algorithm[9] (RPO-H).

As describedn [1], evaluatingrobust tting algorithmsis dif cult becausé¢hereis no obvious
noisemodelto use.Asin [1], we assumehatthemaincauseof noise(i.e. outliers)is occlusionand

generateheinputimagein thefollowing manner Theevaluationsaregovernedby oneparameter

INotethatit is possibleto derive robustvariantsof the projectout algorithmby: (1) projectingthe steepestiescent
imagesinto thesubspacerthogonato theappearanceariationusingtheweightedL2 normwith weightingfunction
, or (2) re-orthonormalizinghe appearancenagesevery iterationwith respecto the sameweightedL2
norm. Neitherof thesealgorithmssequentiallysolvefor andthen . Theappearancparameters mustbecomputed
every iterationto estimate . Moreover both of thesevariantsare slower thanthe robust normalization
algorithmand performalmostidentically for the samereasorthe projectout and normalizationalgorithmsperform
identicallyin Section3.4.2.Since: (1) thesealgorithmsarenot “true” projectout algorithms,(2) they areslowerthan
therobustnormalizationalgorithm,and(3) they performno betterthanit, we do not describehemin this paper
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the percentagef occlusion. Given this parameterwe randomly generatea rectanglein
entirely within the templateregion that occludeshe templateby the appropriatgpercentageWe
allow a smallrelative error of 5% in the occlusionregion to allow for the discretenatureof the
pixels. We thensynthetically‘occlude” therandomlygeneratedectangleby replacingthatpartof
theimagewith anotheiimageof theappropriatesize.In [1] we usedavarietyof occludingimages.
For lack of spacejn this paperwe justuseanoccluderextractedirom animageof naturalscenery
Anotherthing thatmakesevaluatingrobust tting algorithmshardis choosingthe robusterror

function. As in [1] we usetherobusterrorfunction:

(71)

This function classi es pixels as outliersif the magnitudeof the error is larger than the scale
parameter . Inliers areweightedequallyandoutliersare given zeroweight. We estimatethe
scaleparameter by assuminghat we know the numberof outliers. We thenestimate by

sortingtheerrorvaluesandsetting sothatthe correctnumberof pixelsareclassi edasoutliers.

4.5.1 Experiment 6: Varying the Percentageof Occlusion

We rst investigatethe variationin performanceof the 5 algorithmswhenvaryingthe percentage
of occlusion. In this experimentwe use , set  to be animageof somesceneryasin
Section3.4.3,andset ——. Theresultsfor 10%occlusionareshavn in Figuresl4(a)
and(b), for 30%occlusionin Figuresl4(c)and(d), andfor 50%occlusionin Figuresl4(e)and(f).
For lack of spacewe only includeplots of therateof corvergenceandfrequeng of corvergence.
As expectedthe robust simultaneousnversecompositionaklgorithm performsthe bestwith

the robust normalizationalgorithm performing slightly worse, particularly for higher levels of
occlusion. The two efcient versionsof thesealgorithms(RSIC-EA-SICand RNIC-SC) both
performsimilarly andslightly worsethanthe robustnormalizationalgorithm. Therobust project

out algorithm, ignoring orthogonalityand using the H-algorithm (RPO-H), performsfar worse,
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Figure 14: A comparisonof 5 robust appearanceariation algorithms: (1) the robust simultaneousal-
gorithm (RSIC), (2) the ef cient approximationto RSIC usingthe spatialcoherencepproximationto the
HessianRSIC-EA-SC),(3) therobustnormalizationalgorithm(RNIC), (4) the ef cient spatialcoherence
approximatiornto RNIC (RNIC-SC),and (5) a robust project out algorithmwhich ignoresthe lack of or-
thogonalityof the appearancenagesandapproximateshe Hessianwith the H-algorithm(RPO-H).RSIC
performsthe best,andRPO-Hby far theworst, highlightingtheimportanceof usingtheright algorithm.
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especiallyfor largerlevelsof occlusion.Thesepoorresultsillustratehow importantit is to usethe

rightalgorithm.A minormaodi cation to any of thealgorithmscanresultin very poorperformance.

4.5.2 Experiment 7: Varying

Next we investigatehe variationin performancef the5 algorithmswhenvarying . We still set

and to beanimageof somescenery We setthe percentag®f occlusionto be 30%.

The resultsfor —— areshawn in Figures15(a)and (b), for —in

Figures15(c)and(d), andfor —— in Figuresl5(e)and(f). Theresultsaresimilarto
Experiment6 with RSIC performingthe bestfollowedby RNIC. As in the experimentakesultsin
Section3 the gapbetweerthesetwo algorithmsincreasesvith . Althoughtheef cient variants

of thesealgorithms(RSIC-EA-SCand RNIC-SC) perform similarly for — and

—, for —— theefcient algorithmsperformsigni cantly worse.Of the

two, theef cient variationof the normalizationalgorithm(RNIC-SC)performsslightly better As

in Experiment6 therobustprojectout algorithm(RPO-H)performsquite poorlyin all cases.

4.5.3 Experiment 8: Varying the Number of Appearancelmages

Finally we investigatehevariationin performancevith the numberof appearancanagesWe x

thepercentagef occlusionto be 30%andotherwisefollow theproceduren Experiment3in Sec-
tion 3.4.3.We choseheappearancenagesy takingalargeimageof somesceneryandrandomly
selectinganumberof sub-image®f theappropriatesize. Theresultsarethenorthonormalizeénd

usedasthe . To avoid arny dependencenthe magnitudeof the appearanceariation,we chose

the appearanc@arametersuchthat aswe vary the numberof
appearancemages.We alsoset to be the samefor each to spreadout the appearance
variationequally The resultsfor areshavn in Figures16(a)and(b), for in Fig-
ures14(c) and(d), andfor in Figuresl4(e)and (f). The resultsare similar to thosein

Experiment3. The performanceof the algorithmsdoesnot vary signi cantly with the numberof
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Figurel5: An evaluationof thesame5 algorithmsin Figure14 varyingtheappearancparameter  while
keepingthe percentagef occlusion x edat 30%. All otherexperimentalconditionsremainthe same.As
in Figure14, RSIC performsthebestwith RNIC closebehind. Thegapbetweerthesealgorithms however,
increasesvith . Theefcient algorithmsRSIC-EA-SCandRNIC-SCheforesimilarly in (a)—(d)but quite
poorlyfor larger in (e)and(f). Asin Figure1l4, RPO-Hperformsfairly poorlyin all threecases.
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Figurel6: An evaluationof the same5 algorithmsin Figure14 varyingthe numberof appearancenages

while keepingthe total amountof appearanceariation x ed at
resultsaresimilarto Figure3.4.3in Experiment3. The4 algorithmsRSIC,RSIC-EA-SCRNIC, RNIC-SC
all performalmostidenticallyin all 3 caseswith RPO-Hperformingsigni cantly worse.
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Table9: A summaryof the 6 algorithmswe describedn Section3 for imagealignmentwith linear ap-
pearanceariationusingthe EuclideanL2 norm. Thereare3 mainalgorithms:(1) the simultaneousnverse
compositionalalgorithm, (2) the project out inversecompaositionalalgorithm, and (3) the normalization
inversecompositionahlgorithm. Eachof the 3 mainalgorithmshasonevariant.

Algorithm | ComputationaCost | Performancd GainOK
Simultaneou$C Good Yes
ProjectOutIC Medium No
NormalizationlC Medium No

Ef cient Approximationto Simultaneous$C Medium No
ProjectOut IC with SSCorrection Medium Yes
NormalizationlC with SSCorrection Medium Yes

appearancemages. (Only the magnitudeof the appearanceariationis important.) The 4 algo-
rithms RSIC,RSIC-EA-SC,RNIC, RNIC-SCall performalmostidenticallyin all 3 cases.As in

Experiments$ and7, RPO-Hperformssigni cantly worsethatthe other4 algorithms.

5 Conclusion

5.1 Summary

In Section3 we investigatedthe problemof image alignmentwith linear appearanceariation
usingthe EuclideanL2 norm. We described® mainalgorithms:(1) the simultaneousnversecom-
positionalalgorithm,(2) theprojectoutinversecompositionablgorithm,and(3) thenormalization
inversecompositionahlgorithm.We alsodescribedanef cient approximatiorto thesimultaneous
algorithm,andstep-sizecorrectiongo the projectout andnormalizationalgorithms. Thesealgo-
rithmsaresummarizedn Table9. Of the 6 algorithms,the simultaneouslgorithmperformsthe
best,but unfortunatelyis very slow. Theprojectout, normalizationandef cient approximatiorto
thesimultaneousilgorithmareall ef cient, but performsigni cantly worsein two mainscenarios:
(1) whenthe magnitudeof the appearanceariationis large (comparablen magnitudeto thetem-
plateitself), and(2) whenthe algorithmis usedto modelgain. The step-sizecorrectionvariants
of the project-outalgorithmandnormalizationalgorithmperformwell in the secondof thesetwo

casesbut still breakdown in the presenc®f generalarge magnitudeappearanceariation.
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Table 10: A summaryof the 4 algorithmswe describedn Section4 for image alignmentwith linear
appearanceariationusingarobusterrorfunction. Thereare2 mainalgorithms:(1) therobustsimultaneous
inversecompositionablgorithm,and(2) therobustnormalizationnversecompositionaklgorithm.Both of
thesealgorithmsarevery slov andsofor eachonewe derivedanef cient approximatiorto it.

Algorithm | ComputationaCost Performance
RohkustSimultaneousC (RSIC) Good
RohkustNormalizationlC (RNIC) Medium

Ef cient RSIC(RSIC-EA-SC) Medium

Ef cient RNIC (RNIC-SC) Medium

Anotherpointto noteis thatthe projectout, normalizationandef cient approximatiorto the
simultaneouslgorithmperformalmostidenticallyin all of our experiments.The projectout and
normalizationalgorithmsboth work in the subspac@rthogonalto the appearanceariation. The
projectout algorithm projectsthe steepestlescenimagesinto this subspaceThe normalization
algorithmprojectsthe errorimageinto the samesubspacelt is thereforenot surprisingthatthey
performalmostidentically Thefactthattheef cient approximatiorto the simultaneousigorithm

alsoperformsalmostidenticallyis harderto explain. Findinganexplanationis left asfuturework.

In Section4 we investigatedhe problemof imagealignmentwith linearappearanceariation
usinga robust error function. We described? main algorithms: (1) the robust simultaneousn-
versecompositionaklgorithmand(2) the robust normalizationinversecompositionaklgorithm.
We also describedef cient approximationgo both of thesealgorithms. Thesefour algorithms
are summarizedn Table 10. Of the 4 algorithms,the robust simultaneousalgorithm performs
the best,but unfortunatelyis very slow. The robust normalizationalgorithmperformssimilarly,
but slightly worse. The ef cient approximationgo thesealgorithmsboth performfairly well ex-
ceptwhenthe magnitudeof the appearanceariationis large (comparablédo the templateitself).
We alsoempirically comparedhese4 algorithmswith a robust projectout algorithm similar to
the HagerBelhumeuralgorithm[11] which ignoresthe lack of orthogonalityof the appearance
images keepingthe steepestiescenimagesconstantandapproximateshe Hessianwith the H-

algorithm[9]. Thisalgorithmperformssigni cantly worsethanthe 4 algorithmsin Table10.
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5.2 Discussion

In Parts 1 and 2 of this seriesof paperswe discussedvhich is the bestalgorithmto use. The
discussiorcenteredn two topics: (1) the natureof the noiseand (2) whetheror not an ef cient
algorithmis required.The sameis true here. The bestalgorithmto usedependsn the noiseand
the computationatequirementslf theimagenoiseis approximatelyi.i.d.) Gaussiarthenoneof
the EuclideanL2 norm algorithmsdescribedn Section3 shouldbe used. If not, anappropriate
robusterrorfunctionandoneof thealgorithmsin Sectiord shouldbe usedinstead.

If computationabpeeds notanissue the bestEuclideanalgorithmto useis the simultaneous
algorithm. It clearly performsthe bestin all of our experimentsIf high ef ciency is requiredthe
projectout algorithmis the fastestand performsaswell asary of the otheref cient algorithms
(theefcient approximatiorto the simultaneouslgorithmandthe normalizationalgorithm.)Care
shouldbetaken, however, whenthereis large appearancegariation. In suchcasesthe projectout
algorithmwill not performarywherenearaswell asthe simultaneouslgorithm. If the systemis
beingusedto modelgain, the step-sizecorrectionvariantof the projectout algorithmshouldbe
usedasit doesnot slow thealgorithmsigni cantly, andincreasesherobustnessubstantially

In termsof the robustalgorithms,if computationabpeeds not anissuethe bestalgorithmto
useis therobustsimultaneougversecompositionallgorithm. It clearlyperformsthebestin all of
our experiments.If efciency is required,the ef cient approximationto the robustnormalization
inversecompositionalalgorithmusing spatialcoherencdéo computethe Hessianis probablythe
bestchoice. Careshouldbe taken, however, whenthereis large appearanceariation. If the
magnitudeof the appearanceariationis morethanabouthalf the magnitudeof the template the

performancef theef cient robustnormalizatioralgorithmwill be adwerselyaffected.

5.3 FutureWork

In Part 1 of this seriesof papersve coveredtheforwardsadditive, forwardscompositionalinverse

additive, and inversecompositionalalgorithms. We also coveredthe Newton, Gauss-Neiton,
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steepest-descentevenbeg-Marquardt,and diagonalHessianvariantsof the inversecomposi-
tional algorithm. In Part 2 we coveredthe choiceof the error function,anddevelopedalgorithms
for bothweightedL2 normsandrobusterrorfunctions.In this, Part 3, we coveredthe additionof
linearappearanceariation,bothwith the EuclideanL2 normandwith arobusterrorfunction. In
theupcoming,and nal, Part4, we will coverthe additionof priors on the warp andappearance

parameterdyothwith aEuclidean_L2 normandwith arobusterrorfunction.

5.4 Matlab Code, Testlmages,and Scripts

Matlabimplementation®f all of the algorithmsdescribedn this papermwill be madeavailableon
theWorld Wide Webat: http://www.ri.cmu.edu/projects/proje&l5.html.We will alsoincludeall

of thetestimagesandthe scriptsusedto generateéhe experimentaresultsin this paper
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