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Abstract

SincetheLucas-Kanadealgorithmwasproposedin 1981imagealignmenthasbecomeoneof the

mostwidely usedtechniquesin computervision. Applicationsrangefrom optical �o w, tracking,

andlayeredmotion,to mosaicconstruction,medicalimageregistration,andfacecoding.Numer-

ousalgorithmshave beenproposedanda variety of extensionshave beenmadeto the original

formulation. We presentan overview of imagealignment,describingmostof the algorithmsin

a consistentframework. We concentrateon the inversecompositionalalgorithm,an ef�cient al-

gorithm that we recentlyproposed.We examinewhich of the extensionsto the Lucas-Kanade

algorithmcanbe usedwith the inversecompositionalalgorithmwithout any signi�cant lossof

ef�ciency, andwhich cannot.In this paper, Part 3 in a seriesof papers,we cover theextensionof

imagealignmentto allow linear appearancevariation. We �rst considerlinear appearancevaria-

tion whentheerrorfunctionis theEuclideanL2 norm.Wedescribethreedifferentalgorithms,the

simultaneous,projectout, andnormalizationinversecompositionalalgorithms,andempirically

comparethem. Afterwardswe considerthe combinationof linear appearancevariationwith the

robusterror functionsdescribedin Part 2 of this series.We �rst derive robust versionsof thesi-

multaneousandnormalizationalgorithms.Sincebothof thesealgorithmsarevery inef�cient, as

in Part2 wederiveef�cient approximationsbasedonspatialcoherence.Weendwith anempirical

evaluationof therobustalgorithms.

Keywords: Imagealignment,unifying framework, theLucas-Kanadealgorithm,theinversecom-

positionalalgorithm,linearappearancevariation,robusterrorfunctions.



1 Intr oduction

Imagealignmentconsistsof moving, andpossiblydeforming,a templateto minimize thediffer-

encebetweenthe templateandan image. Sinceits �rst usein theLucas-Kanadealgorithm[13],

imagealignmenthasbecomeoneof themostwidely usedtechniquesin computervision. Besides

optical�o w, someof its otherapplicationsincludetracking[5, 11], parametricandlayeredmotion

estimation[4], mosaicconstruction[15], medicalimageregistration[6], andfacecoding[14, 7].

The usualapproachto imagealignmentis gradientdescent.A varietyof othernumericalal-

gorithmshave alsobeenproposed[10], but gradientdescentis thedefactostandard.We propose

aunifying framework for imagealignment,describingthevariousalgorithmsandtheir extensions

in a consistentmanner. Throughoutthe framework we concentrateon the inversecompositional

algorithm,anef�cient algorithmthatwerecentlyproposed[2, 3]. Weexaminewhichof theexten-

sionsto theLucas-Kanadealgorithmcanbeappliedto theinversecompositionalalgorithmwithout

any signi�cant lossof ef�ciency, andwhich extensionsrequireadditionalcomputation.Wherever

possiblewe provideempiricalresultsto illustratethevariousalgorithmsandtheirextensions.

In this paper, Part 3 in theseries,we cover imagealignmentwith linearappearancevariation.

Linearappearancevariationhasbeenconsideredby a numberof authors,mostnotablyby Hager

andBelhumeurfor illumination [11], by Black andJepsonfor generalappearancevariation[5],

andby CootesandTaylor for non-rigidfacemodeling[7]. As in Part 2, we distinguishtwo cases:

(1) whentheerrorfunctionis theEuclideanL2 norm(thecasethat theerror functionis a general

weightedL2 normis similar),and(2) whentheerrorfunctionis a robusterrorfunction.

We considertheEuclideancasein Section3. We �rst derive the“simultaneous”inversecom-

positionalalgorithmwhich, asthe nameimplies, performsa simultaneousoptimizationover the

warpandappearanceparameters.We thenderive anef�cient approximationto thesimultaneous

inversecompositionalalgorithmandalsodescribetheextremelyef�cient “project out” algorithm

proposedby HagerandBelhumeur[11]. The projectout algorithm�rst projectsout theappear-

ancevariationand just solvesfor the warp parameters.Then in a secondstep,it solvesfor the
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appearanceparameters.We studythe projectout algorithmin the casethat the appearancevari-

ationcontainsa “gain” term,show that thestepsizecanbecomputedincorrectly, andproposea

wayof correctingtheerror. Wealsodescribethe“normalization”algorithmwhichattemptsto nor-

malizetheinput imagesothatit hasthesameappearancecomponentasthetemplate.A variantof

thenormalizationalgorithmis frequentlyusedwhentheappearancevariationconsistsof gainand

bias.WeendSection3 by empiricallycomparingall threeEuclideanalgorithmsandtheirvariants.

We considertherobustcasein Section4. We �rst derive robustversionsof thesimultaneous

andnormalizationalgorithms.Sincebothof thesealgorithmsareinef�cient, asin Part2 wederive

ef�cient approximationsbasedon spatialcoherenceof the outliers. It is not possibleto directly

generalizetheprojectout algorithmbecausethereis no notionof orthogonalityfor a robusterror

function.Weendwith anempiricalevaluationof therobustappearancevariationalgorithms.

2 Background: ImageAlignment Algorithms

2.1 The Lucas-KanadeAlgorithm

The original imagealignmentalgorithmwasthe Lucas-Kanadealgorithm[13]. The goal of the

Lucas-Kanadealgorithmis to align a templateimage
�������

to an input image �

�����

, where
�
	

����
������

is acolumnvectorcontainingthepixel coordinates.Let �

���������

denotetheparameterized

setof allowedwarps,where
��	������ 
"!"!#!��%$&�

�

is a vectorof parameters.Thewarp �

�'�����(�

takes

thepixel
�

in thetemplate
�

andmapsit to thesub-pixel location �

�������(�

in theimage� .

2.1.1 Goal of the Lucas-KanadeAlgorithm

The goal of the Lucas-Kanadealgorithmis to minimize the sumof squarederror betweentwo

images,thetemplate
�

andtheimage� warpedbackontothecoordinateframeof thetemplate:
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Warping � backto compute�

�

�

�'�����(���

requiresinterpolatingthe image � at thesub-pixel loca-

tions �

���������

. Theminimizationin Equation(1) is performedwith respectto
�

andthesumis

performedoverall of thepixels
�

in thetemplateimage
�������

. Minimizing theexpressionin Equa-

tion (1) is a non-linearoptimizationtaskeven if �

���������

is linear in
�

becausethe pixel values

�

�����

are, in general,non-linearin
�

. In fact, the pixel values �

�����

areessentiallyun-relatedto

thepixel coordinates
�

. To optimizetheexpressionin Equation(1), theLucas-Kanadealgorithm

assumesthat a currentestimateof
�

is known and then iteratively solves for incrementsto the

parameters2

�

; i.e. thefollowing expressionis (approximately)minimized:
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with respectto 2

�

, andthentheparametersareupdated:

�76 �83

2

�9!

(3)

Thesetwo stepsareiterateduntil theestimatesof theparameters
�

converge.Typically thetestfor

convergenceis whethersomenormof thevector 2

�

is below a threshold: ; i.e. ;<2

�

;>=?: .

2.1.2 Derivation of the Lucas-KanadeAlgorithm

TheLucas-Kanadealgorithm(which is a Gauss-Newton gradientdescentnon-linearoptimization

algorithm)is thenderivedasfollows. Thenon-linearexpressionin Equation(2) is linearizedby

performinga �rst orderTaylorexpansionon �

�

�

�������43

2

�(���

to give:
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In this expression,
C

�

	I�KJML

JON


PJ<L

JOQ

�

is the gradientof image � evaluatedat �

���/�����

; i.e.
C

� is

computedin thecoordinateframeof � andthenwarpedbackontothecoordinateframeof
�

using

the currentestimateof the warp �

�'�����(�

. (We follow the notationalconventionthat the partial

derivativeswith respectto a columnvectorarelaid out asa row vector. This conventionhasthe
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advantagethat thechainrule resultsin a matrix multiplication,asin Equation(4).) Theterm
JOR

JMS

is theJacobianof thewarp. If �

�'�����(��	T�VU

N

�'�����(�O
MU

Q

�����������V�

then:

E

�

E

�
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!

(5)

Equation(4) is a leastsquaresproblemandhasa closedfrom solutionwhich canbe derived as

follows. Thepartialderivativeof theexpressionin Equation(4) with respectto 2

�

is:

)
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Thendenote: jlk
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(7)

thesteepestdescentimages.Settingtheexpressionin Equation(6) to equalzeroandsolvinggives

theclosedform solutionof Equation(4) as:

2

�A	 npo

�

)
*

j�k

�

�����rqs�����

(8)

where
n

is the tvumt (Gauss-Newtonapproximationto the)Hessianmatrix:

n 	

)+*

jlk

�

�����

jlk

�����

(9)

and:
qs�����w	 �������.-

�

�

�

���/�������

(10)

is theerror image. TheLucas-Kanadealgorithm,summarizedin Figure1, consistsof iteratively

applyingEquations(8) and(3). Becausethegradient
C

� mustbeevaluatedat �

�������(�

andthe

Jacobian
JOR

JMS

at
�

, they bothdependon
�

. In general,therefore,boththesteepest-descentimages

andtheHessianmustberecomputedin every iterationof thealgorithm.SeeFigure1.

Assumethatthenumberof warpparametersis t andthenumberof pixelsin
�

is x . Thetotal

computationalcostof eachiterationof the Lucas-Kanadealgorithmis y

�

t

1

x

3

t{z

�

. Themost

expensivestepby far is Step6. SeeTable1 for asummaryand[3] for thedetails.
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The Lucas-KanadeAlgorithm

Iterate:

(1) Warp | with }•~•€�‚\ƒ.„ to compute|…~•}a~•€�‚\ƒ.„_„

(2) Computetheerrorimage†H~•€l„ usingEquation(10)
(3) Warpthegradient‡ˆ| with �

���/�����

(4) EvaluatetheJacobian
JOR

JMS

at ~•€�‚\ƒ.„

(5) Computethesteepestdescentimages‰‹Šˆ~•€l„ usingEquation(7)
(6) ComputetheHessianmatrix Œ usingEquation(9) andinvert it
(7) Compute•

*

‰%Š

�

~•€l„�†�~•€l„

(8) ComputeŽ•ƒˆ•‘Œ

o

�

•

*

‰‹Š

�

~•€l„�†H~•€l„

(9) Updatetheparametersƒ8’“ƒ•”–Ž•ƒ

until —�Ž˜ƒ(—9™›š

Figure1: TheLucas-Kanadealgorithm[13] consistsof iteratively applyingEquations(8) & (3) until the
estimatesof the parametersƒ converge. Typically the test for convergenceis whethersomenorm of the
vector Ž•ƒ is below a userspeci�ed thresholdš . Becausethegradient ‡ˆ| mustbe evaluatedat }a~•€�‚\ƒ.„

andtheJacobian
JOR

JMS

mustbeevaluatedat ƒ , all 9 stepsmustberepeatedin every iterationof thealgorithm.

Table1: Thecomputationcostof oneiterationof theLucas-Kanadealgorithm.If œ is thenumberof warp
parametersand • is thenumberof pixelsin thetemplatež , thecostof eachiterationis Ÿ>~ œ

1

•¡”sœ

z

„ . The
mostexpensivestepby far is Step6, thecomputationof theHessian,whichalonetakestime Ÿ>~ œ

1

•‘”¢•

z

„ .

Step1 Step2 Step3 Step4 Step5 Step6 Step7 Step8 Step9 Total
Ÿ•~ œ‹•4„ Ÿ•~ •4„ Ÿ>~ œ‹•4„ Ÿ>~ œ‹•8„ Ÿ•~ œ‹•4„ Ÿ>~ œ

1

•
”mœ

z

„ Ÿ>~ œ‹•8„ Ÿ>~ œ

1

„ Ÿ>~ œ{„ Ÿ•~ œ

1

•
”mœ

z

„

2.2 The InverseCompositionalAlgorithm

2.2.1 Goal of the InverseCompositionalAlgorithm

As a numberof authorshave pointedout, there is a hugecomputationalcost in re-evaluating

the Hessianin every iteration of the Lucas-Kanadealgorithm [11, 8, 15]. If the Hessianwere

constantit couldbeprecomputedandthenre-used.In [3] we proposedtheinversecompositional

algorithmasa way of reformulatingimagealignmentso that theHessianis constantandcanbe

precomputed.Althoughthegoalof theinversecompositionalalgorithmis thesameastheLucas-

Kanadealgorithm(seeEquation(1)) theinversecompositionalalgorithmiteratively minimizes:

)\*£,
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�
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(11)
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with respectto 2

�

andthenupdatesthewarp:

�

���/�����–6

�

�'�����(��¤

�

���/�

2

��� o

�

!

(12)

Theexpression:

�

���������{¤

�

�'���

2

���w¥

�

�

�

�����

2

�(�O���(�

(13)

is thecompositionof 2 warpsandtheexpression�

�'���

2

���

o

�

is theinverseof �

�����

2

�(�

.

TheLucas-Kanadealgorithmiteratively appliesEquations(2) and(3). The inversecomposi-

tionalalgorithmiteratively appliesEquations(11)and(12). Perhapssomewhatsurprisingly, these

two algorithmscanbeshown to beequivalentto �rst orderin 2

�

. They take (approximately)the

samestepsasthey minimizetheexpressionin Equation(1). See[3] for theproofof equivalence.

2.2.2 Derivation of the InverseCompositionalAlgorithm

Performinga �rst orderTaylorexpansiononEquation(11)gives:
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�
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E

�
2

�v-
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�

�

�'�����(���§G

1

!

(14)

Assumingthat �

�����O¦{�

is theidentity warp,thesolutionto this least-squaresproblemis:

2

�A	 -¨npo

�

©«ª

)
*

jlk

�

© ª

�'���rqs�'���

(15)

where

j�k

�

©«ª

�����

arethesteepest-descentimageswith � replacedby
�

:
j�k

©«ª

�����w	 Cv�

E

�

E

�




(16)

n

©«ª is theHessianmatrix computedusingthenew steepest-descentimages:

n

©«ª

	

)+*

j�k

�

©«ª

�����

j�k

©«ª

�����O


(17)
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The InverseCompositionalAlgorithm

Pre-compute:

(3) Evaluatethegradient‡sž of thetemplateži~•€l„

(4) EvaluatetheJacobian
JOR

JMS

at ~•€�‚+¬‹„

(5) Computethesteepestdescentimages‰%Š

©«ª

~•€l„ usingEquation(16)
(6) ComputetheHessianmatrix Œ

©«ª usingEquation(17)andinvert it

Iterate:

(1) Warp | with }•~•€�‚\ƒ.„ to compute|…~•}a~•€�‚\ƒ.„_„

(2) Computetheerrorimage†H~•€l„ usingEquation(10)
(7) Compute

•

*

‰%Š

�

©«ª

~•€l„�†�~•€l„

(8) ComputeŽ•ƒ­•¯®(Œ

o

�

©«ª

•

*

‰‹Š

�

©«ª

~•€l„�†H~•€l„

(9) Updatethewarp }a~•€�‚\ƒ.„.’°}a~•€�‚\ƒ.„‹±�}a~•€�‚+Ž•ƒ.„

o

�

until —�Ž•ƒ�—9™pš

Figure2: The inversecompositionalalgorithm[2, 3]. All of the computationallydemandingstepsare
performedoncein a pre-computationstep.Themainalgorithmsimply consistsof imagewarping(Step1),
imagedifferencing(Step2), imagedot products(Step7), multiplication with the inverseof the Hessian
(Step8), andtheupdateto thewarp(Step9). All of thesestepsareef�cient andtake time Ÿ>~ œ²•
”mœ

1

„ .

andtheJacobian
JOR

JMS

is evaluatedat
�����³¦l�

. Sincethereis nothingin eitherthesteepest-descentim-

agesor theHessianthatdependson
�

, they canbothbepre-computed.Theinversecompositional

algorithmis summarizedin Figure2. (See[1] for aschematicdiagramof thealgorithm.)

The inversecompositionalalgorithm is far more computationallyef�cient than the Lucas-

Kanadealgorithm.SeeTable2 for asummary. Themosttimeconsumingsteps,Steps3–6,canbe

performedonceasa pre-computationtaking time y

�

t

1

x

3

t{z

�

. Theonly additionalcostis in-

verting �

���/�

2

���

andcomposingit with �

�������(�

. Thesetwo stepstypically requirey

�

t

1

�

oper-

ations.See[3]. Potentiallythese2 stepscouldbefairly involved,asin [14], but thecomputational

overheadis almostalwayscompletelynegligible. Overall the costof the inversecompositional

algorithmis y

�

t˜x

3

t

1

�

periterationratherthan y

�

t

1

x

3

t{z

�

, a substantialsaving.

3 Linear AppearanceVariation with the EuclideanL2 Norm

All of thealgorithmsin [3] (thereare9 of them)aim to minimizetheexpressionin Equation(1).

Performingthisminimizationimplicitly assumesthatthetemplate
���'���

appearsin theinput image
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Table2: Thecomputationcostof theinversecompositionalalgorithm.Theonetime pre-computationcost
of computingthesteepestdescentimagesandtheHessianin Steps3-6 is Ÿ•~ œ

1

•D”ˆœ

z

„ . After that,thecost
of eachiterationis Ÿ>~ œ²•�”•œ

1

„ asubstantialsaving over theLucas-Kanadeiterationcostof Ÿ>~ œ

1

•�”´œ

z

„ .

Pre- Step3 Step4 Step5 Step6 Total
Computation Ÿ•~ •4„ Ÿ>~ œ²•8„ Ÿ•~ œ²•4„ Ÿ>~ œ

1

•£”wœ

z

„ Ÿ•~ œ

1

•
”mœ

z

„

Per Step1 Step2 Step7 Step8 Step9 Total
Iteration Ÿ>~ œ²•8„ Ÿ•~ •4„ Ÿ>~ œ²•8„ Ÿ>~ œ

1

„ Ÿ>~ œ

1

„ Ÿ>~ œ²•
”mœ

1

„

�

�����

, albeitwarpedby �

�������(�

. In variousscenarioswemayinsteadwantto assumethat:

���'���s3 µ

)¶¸·

�%¹

¶•ºi¶

�����

(18)

appearsin the input image(warpedappropriately)where

º•¶

, »

	 ¼§
#!"!"!#
�½

, is a set of known

appearancevariationimagesand
¹

¶

, »

	e¼¾
"!"!"!<
³½

, is asetof unknown appearanceparameters.For

example,if we want to allow an arbitrarychangein gain andbiasbetweenthe templateandthe

input imagewe might set

º

�

to be
�

and

º

1 to bethe“all one” image.Givenappropriatevalues

of
¹

�

and
¹

1 , the expressionin Equation(18) canthenmodelany possiblegain andbias. More

generally, the appearanceimages

º>¶

canbe usedto modelarbitrarylinear illumination variation

[11] or generalappearancevariation [5, 14]. If the expressionin Equation(18) shouldappear

(appropriatelywarped)in theinput image �

�����

, insteadof Equation(1) weshouldminimize:

)\*¿@

���'���{3Àµ

)¶¸·

�‹¹

¶Áºi¶

�����.-

�

�

�

������������G

1

(19)

simultaneouslywith respectto thewarpandappearanceparameters,
�

and Â

	T�

¹

� 
"!"!"! 


¹

µ

�
�

. In

theremainderof this sectionwederive threedifferentalgorithms(andseveralvariantsof them)to

minimizetheexpressionin Equation(19),beforeevaluatingall of thealgorithmsin Section3.4.
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3.1 The SimultaneousInverseCompositionalAlgorithm

3.1.1 Goal of the Algorithm

Our �rst algorithmperformsGauss-Newton gradientdescentsimultaneouslyon the warp
�

and

appearanceÂ parameters.Weusetheinversecompositionalparameterupdateon thewarpparam-

eters.Theappearanceparametersareupdatedwith theusualadditivealgorithm.Compositiondoes

not have any meaningfor them.Replacing
���'���

with
���'���l3

•

µ

¶Ã·

�

¹

¶•ºÄ¶

�'���

in Equation(11), the

inversecompositionalalgorithmto minimizeEquation(19)operatesby iteratively minimizing:

)\*¿@

���

�

�����

2

�(����3Iµ

) ¶¸·

�

�

¹

¶

3

2

¹

¶

�

ºÄ¶

�

�

�����

2

�(���.-

�

�

�

�'�����(���§G

1

(20)

simultaneouslywith respectto 2

�

and 2´Â

	 �

2

¹

�#
#!"!"!<


2

¹

µ

�
�

, and then updatingthe warp

�

�'�����(��6

�

���������{¤

�

�'���

2

���

o

�

andtheappearanceparametersÂ

6

Â

3

2´Â .

3.1.2 Derivation of the Algorithm

Performinga �rst orderTaylorexpansionon
�g�

�

�'���

2

�����

and

º•¶

�

�

�����

2

�(���

in Equation(20),

andassumingasin Section2.2.2that �

���/�O¦{�

is theidentitywarp,gives:

)\*
@

�g�'���{3¯Cv�

E

�

E

�
2

�Å3
µ

)
¶¸·

�

�

¹

¶

3

2

¹

¶

�ÇÆ

ºi¶

�'���{3¯C

ºÄ¶

E

�

E

�
2

�.ÈÉ-

�

�

�

�������(���§G

1

!

(21)

Neglectingsecondorderterms,theaboveexpressionsimpli�es to:

)
*

@

�������{3Iµ

)
¶¸·

�
¹

¶•ºÄ¶

�����.-

�

�

�

�'�����(����3ÊÆËCv�É3Àµ

)
¶¸·

�
¹

¶

C

ºi¶

È

E

�

E

�h2

�Å3Iµ

)
¶¸·

�

ºÄ¶

�����

2

¹

¶

G

1

!

(22)

To simplify thenotation,denote:

Ì

	 Æ

�

Â

È Í¾Î%ÏgÐ�ÑÁÒÓÑÁÔÁÍ¾Õ�Ô�Ö

2

Ì

	 Æ

2

�

2´Â

ÈÅ�

(23)
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i.e. Ì is an t

3p½

dimensionalcolumnvectorcontainingthewarpparameters
�

concatenatedwith

theappearanceparametersÂ . Similarly, denotethe t

3×½

dimensionalsteepest-descentimages:
j�k­Ø

© Ù

�����–	 Æ(ÆËCv�É3

µ

)¶¸·

�‹¹

¶

C

ºi¶

È

E

�

E

�Ú�


"!#!"!#
�Æ…Cp�É3

µ

)¶¸·

�‹¹

¶

C

ºi¶

È

E

�

E

�%$




º

�"�����³
"!"!"! 


º

µ

�'���VÈÅ!

(24)

Finally, denotethemodi�ed errorimage:

q

Ø

©«Ù

�'���m	 �������{3 µ

)

¶¸·

� ¹

¶•ºÄ¶

�'���.-

�

�

�

�'�����(���³!

(25)

Equation(22) thensimpli�es to:

)\*
,

q

Ø

©«Ù

�����.-

jlk­Ø

©«Ù

�����

2

Ì

0
1

(26)

theminimumof which is attainedat:

2

Ì

	 -inpo

�

Ø

©«Ù

)\*

j�k

�

Ø

©«Ù

�����\q

Ø

©«Ù

�����

(27)

where
n

o

�

Ø

©«Ù is theHessianwith appearancevariation:

npo

�

Ø

©«Ù

	

)
*

jlk

�

Ø

©«Ù

�'���

jlksØ

©«Ù

�'���O!

(28)

In summary, thesimultaneousinversecompositionalalgorithmfor appearancevariationproceeds

by iteratively applying Equations(24), (25), (27), and (28) to compute 2

Ì . The incremental

updatesto thewarp 2

�

andappearance2ÓÂ parametersarethenextractedfrom 2

Ì andusedto

updatethewarp �

�'�����(��6

�

���������³¤

�

�����

2

�(�

o

�

andtheappearanceparametersÂ
6

Â

3

2ÓÂ .

Unfortunatelythesteepestdescentimagesdependonthe(appearance)parameters2´Â andsomust

bere-computedin every iteration.Theresultis thealgorithmsummarizedin Figure3. Overall the

algorithmis evenslowerthantheoriginalLucas-Kanadealgorithmbecausethecomputationalcost

of mostof thestepsdependson thetotal numberof parameterst

3Û½

ratherthanjust thenumber

of warpparameterst . SeeTable3 for asummaryof thecomputationcost.
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The SimultaneousInverseCompositionalAlgorithm

Pre-compute:

(3) Evaluatethegradients‡sž and ‡ˆÜ

¶

for Ý{•¯Þ"ßOàOàOà<ß\á

(4) EvaluatetheJacobian
JOR

JMS

at ~•€�‚+¬%„

Iterate:

(1) Warp | with }a~•€�‚\ƒB„ to compute|r~•}•~•€�‚\ƒ.„_„

(2) Computetheerrorimage†

Ø

©«Ù

~•€l„ usingEquation(25)
(5) Computethesteepestdescentimages‰‹Š

Ø

©«Ù

~•€l„ usingEquation(24)
(6) ComputetheHessianmatrix Œ

Ø

©«Ù usingEquation(28)andinvert it
(7) Compute

•

*

‰‹Š

�

Ø

©«Ù

~•€l„�†

Ø

©«Ù

~•€l„

(8) ComputeŽ•âÓ•¯®(Œ

o

�

Ø

© Ù

•

*

‰‹Š

�

Ø

©«Ù

~•€l„�†

Ø

© Ù

~•€l„

(9) Update}a~•€�‚\ƒB„�’°}a~•€�‚\ƒB„�±�}a~•€�‚+Ž•ƒ.„

o

�

and ãw’“ãÓ”vŽ˜ã

until —�Ž•ƒ�—9™pš

Figure3: Thesimultaneousinversecompositionalalgorithmfor appearancevariationoperatesby iteratively
applyingEquations(24), (25), (27),and(28) to computeŽ•â . Theincrementalupdatesto thewarp Ž•ƒ and
appearanceŽHã parametersarethenextractedfrom Ž•â andusedto updatetheparametersin Step9. Because
thesteepestdescentimagesdependontheappearanceparameters(seeEquation(24)),Steps(5) and(6) must
beperformedin every iteration.SeeTable3 for asummaryof thecomputationalcost.

Table3: Thecomputationcostof thesimultaneousinversecompositionalalgorithm.Overall thealgorithm
is evenslowerthantheLucas-Kanadealgorithmbecausethecomputationalcostof mostof thestepsdepends
on thetotal numberof parametersœH”–á ratherthanjust thenumberof warpparametersœ .

Pre- Step3 Step4 Total
Computation Ÿ•~ áÉ•4„ Ÿ>~ œ²•8„ Ÿ>~_~ œH”–ás„ä•4„

Per Step1 Step2 Step5 Step6
Iteration Ÿ•~ œ²•4„ Ÿ>~ áÉ•8„ Ÿ>~_~ œH”más„ä•8„ Ÿ>~_~ œH”más„

1

•
”‘~ œH”más„

z

„

Step7 Step8 Step9 Total
Ÿ•~_~ œH”más„ä•4„ Ÿ•~_~ œH”más„

1

„ Ÿ>~ œ

1

”más„ Ÿ>~_~ œg”wás„

1

•å”‘~ œH”–ás„

z

„

3.1.3 An Ef�cient Approximation

Themainreasonthesimultaneousinversecompositionalalgorithmis soslow is becausethesteep-

estdescentimagesdependon the appearanceparameters.SeeEquation(24). Onepossibleap-

proximationto thealgorithmis to assumethattheappearanceparametersdonotvarysigni�cantly.

Thesteepestdescentimagesareonly computedonceusingtheinitial estimatesof theappearance
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parameters.Afterwardsthey areneverupdated.As a resultSteps(5) and(6) canbemovedto pre-

computation.Theonetime pre-computationcostthereforebecomesy

���

t

3D½w�

1

x

3å�

t

3Û½w�

z

�

andthe costper iterationbecomesy

���

t

3?½w�

x

3e�

t

3F½w�

1

�

. This approximationresultsin a

hugeperformanceincrease.However, theresultis still notasef�cient astheinversecompositional

algorithmwithout appearancevariationbecausethe computationalcostof mostof the stepsstill

dependsonthetotalnumberof parameterst
3æ½

ratherthanjust thenumberof warpparameterst .

In Section3.4weempiricallyinvestigatetheextentto whichthisef�ciency approximationreduces

therobustnessandspeedof convergenceof thesimultaneousinversecompositionalalgorithm.

3.2 The Project Out InverseCompositionalAlgorithm

3.2.1 Goal of the Algorithm

Althoughtheoptimizationin Equation(19) is non-linearwith respectto thewarpparameters
�

, it

is linearwith respectto theappearanceparametersÂ . In [11], HagerandBelhumeurproposeda

wayof decomposingaverysimilar optimizationinto two steps.The�rst stepis a non-linearopti-

mizationwith respectto thewarpparameters,but performedin asubspacein whichtheappearance

variationcanbeignored.Thesecondstepis a closedform linearoptimizationwith respectto the

appearanceparameters.We refer to this type of algorithmasa “project out” algorithmbecause

in the�rst steptheappearancevariationis “projectedout.” We now derive theequivalentproject

out inversecompositionalalgorithm. (HagerandBelhumeur[11] usedan algorithmthat is less

generalthantheinversecompositionalalgorithm[3].) We alsopointout onefailing of theproject

outalgorithm,namelytheestimationof thestepsize,andproposeamethodof correctingit.

3.2.2 Derivation of the Algorithm

If we treattheimagesasvectorsover thepixels
�

wecanrewrite Equation(19)as:

)\*7@

�g�'���{3
µ

)¶¸·

�%¹

¶•ºÄ¶

�����.-

�

�

�

���/��������G

1

	 ç

ç

ç

ç

ç

�������{3
µ

) ¶Ã·

�‹¹

¶Áºi¶

�'���.-

�

�

�

�������(���Bç

ç

ç

ç

ç

1

(29)
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where ;Kè�; is theunweighted(Euclidean)L2 norm.Thisexpressionmustbeminimizedsimultane-

ouslywith respectto
�

and Â . If we denotethelinearsubspacespannedby acollectionof vectors
ºi¶

by
Ð�é%Í¾Î��

ºÄ¶

�

andits orthogonalcomplementby
Ð�é%Í¾ÎB�

º¨¶

�\ê�


Equation(29)canberewrittenas:

ç

ç

ç

ç

ç

�������{3ëµ

)

¶¸·

�

¹

¶•ºÄ¶

�����.-

�

�

�

�'�����(���Bç

ç

ç

ç

ç

1Ø�ìOíVî^ïñðrò�ó

3£ç

ç

ç

ç

ç

�g�'���{3ëµ

)

¶¸·

�

¹

¶•ºÄ¶

�����.-

�

�

�

�'�����(���Bç

ç

ç

ç

ç

1Ø5ì³íVî^ïñðrò5ó�ô

(30)

where ;�è�;Mõ denotesthe EuclideanL2 norm of a vector projectedinto the linear subspaceö .

The secondof thesetwo termsimmediatelysimpli�es. Sincethe norm in the secondterm only

considersthecomponentof thevectorin theorthogonalcomplementof
Ð�é‹Í¾ÎB�

º˜¶

�

, any component

in
Ð�é‹Í÷ÎB�

ºi¶

�

canbedropped.We thereforewish to minimize:

ç

ç

ç

ç

ç

���'���{3Àµ

)
¶¸·

�
¹

¶•ºi¶

�����.-

�

�

�

�����������
ç

ç

ç

ç

ç

1
Ø5ìOíVî^ïøðËò�ó

3
ç

ç

ç

ç

ç

�������.-

�

�

�

�'�����(���
ç

ç

ç

ç

ç

1

Ø�ìOíVî^ïñðrò�ó

ô

!

(31)

Thesecondof thesetwo termsdoesnotdependupon Â . For any
�

, theminimumvalueof the�rst

termis alwaysexactly ù becausetheterm •

µ

¶¸·

�

¹

¶•ºÄ¶

�����

canrepresentany vectorin
Ð�é‹Í¾ÎB�

º>¶

�

. As a

result,thesimultaneousminimumoverboth
�

and Â canbefoundsequentiallyby �rst minimizing

the secondterm with respectto
�

alone,andthentreatingthe optimal valueof
�

asa constant

to minimize the �rst term with respectto Â . Assumingthat the appearancevariationvectors

º˜¶

are orthonormal(if they are not they can easily be orthonormalizedusing Gram-Schmidt)the

minimizationof the�rst termhastheclosed-formsolution:

¹

¶

	

)
*

ºi¶

�'���

,

�

�

�

���/�������B-‘��������0§!

(32)

The only differencebetweenminimizing the secondterm in Equation(31) andthe original goal

of theLucas-Kanadealgorithm(seeEquation(1)) is thatwe needto work in the linearsubspace
Ð�é%Í¾ÎB�

ºÄ¶

�
ê

. Working in this subspacecanbeachievedby usingaweightedL2 norm[1] with:

ú

����
�û(�w	 ür�'��
�û��.-
µ

)¶¸·

�

,

ºÄ¶

�'���

è

ºi¶

�'û��V0

(33)
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(assumingagainthatthevectors

º¨¶

areorthonormal)andminimizing:

)\*¯)\ý

ú

���/
�û��

è

,

�������.-

�

�

�

���/�������&0

è

,

�g�'û��.-

�

�

�

�'û��������&0¾�

(34)

i.e.minimizing thesecondtermof Equation(31)andminimizing theexpressionin Equations(33)

and (34) are exactly the samething. See[1] for the details. We can thereforeusethe inverse

compositionalalgorithm with this weightedL2 norm (describedin Part 2 [1]) to minimize the

secondtermin Equation(31). Theweightedsteepestdescentimagesare:
jlksì þ

�'���m	

)_ý @

ü…����
�û(��-ëµ

)

¶¸·

�

�

ºi¶

�'���

è

ºi¶

��û���� G

@

Cp�

E

�

E

�

�'û9�³¦l� G

(35)

(seeEquation(29)of [1]) andsocanbecomputed:
j�ksì<þ

�����m	 C›�

E

�

E

�

�����O¦{�8-
µ

)

¶¸·

�

@
)

ý

ºi¶

��û��‹C–�

E

�

E

�

��û��O¦{��G

ºi¶

�'���

(36)

i.e. theunweightedsteepestdescentimages
Cp�­JOR

J<S

�'���O¦{�

areprojectedinto
Ð�é%Í¾ÎB�

ºi¶

�\ê

by remov-

ing thecomponentin thedirectionof

º>¶

, for »

	ÿ¼¾
"!"!"! 
³½

in turn. TheweightedHessianmatrix:

n

ì<þ

	

)_*?)_ý

ú

�'��
�û��

@

Cv�

E

�

E

�

�'���O¦{�§G

�

@

Cv�

E

�

E

�

�'û��O¦{�§G

(37)

canthenalsobecomputedas:

n

ì<þ

	

)
*

j�k

�

ì<þ

�����

jlksì<þ

�����

(38)

becausetheinnerproductof two vectorsprojectedinto a linearsubspaceis thesameasif just one

of thetwo is projectedinto thelinearsubspace.Again,see[1] for moredetails.

In summary, minimizing theexpressionin Equation(19)simultaneouslywith respectto
�

and

Â canbeperformedby �rst minimizing thesecondtermin Equation(31) with respectto
�

using

the inversecompositionalalgorithmwith thequadraticform in Equation(33). Theonly changes
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The Project Out InverseCompositionalAlgorithm

Pre-compute:

(3) Evaluatethegradient‡­ž of thetemplatež¨~•€l„

(4) EvaluatetheJacobian
JOR

JMS

at ~•€�‚+¬%„

(5) Computethesteepestdescentimages‰‹Š

ì<þ

~•€l„ usingEquation(36)
(6) ComputetheHessianmatrix Œ

ì<þ

usingEquation(38)andinvert it

Iterate:

(1) Warp | with }a~•€�‚\ƒB„ to compute|r~•}•~•€�‚\ƒ.„_„

(2) Computetheerrorimage†�~•€l„ usingEquation(10)
(7) Compute

•

*

‰‹Š

�

ì<þ

~•€l„�†H~•€l„

(8) ComputeŽ•ƒˆ•¡®(Œ

o

�

ì<þ

•

*

‰%Š

�

ì þ

~•€l„�†H~•€l„

(9) Updatethewarp }•~•€�‚\ƒ.„.’Ê}•~•€�‚\ƒ.„Ú±�}•~•€�‚+Ž˜ƒB„

o

�

until —�Ž•ƒ(—Ç™pš

Post-Computation:

(10) Computetheappearanceparametersã usingEquation(32)

Figure4: Theprojectout inversecompositionalalgorithmis very similar to theoriginal inversecomposi-
tional algorithm. Theonly changesare: (1) to computetheprojectout steepestdescentimagesin Step5,
(2) to computetheprojectout Hessianin Step6, and(3) to computetheappearanceparametersin Step10.
Theonlinecomputationalcostis almostidenticalto theoriginalalgorithmandis summarizedin Table4.

neededto thealgorithmare:(1) to usetheweightedsteepestdescentimagesin Equation(36),and

(2) to usetheweightedHessianin Equation(38). Oncethe inversecompositionalalgorithmhas

converged,theoptimalvalueof Â canbecomputedusingEquation(32) where
�

aretheoptimal

warpparameters.Theprojectout inversecompositionalalgorithmis summarizedin Figure4.

Thecomputationalcostof theprojectout inversecompositionalalgorithmis almostidentical

to that of the original inversecompositionalalgorithm. SeeTable2. The only extra cost is in

Step5 andStep10. Thecomputationof thesteepestdescentimagesin Step5 is substantiallymore

involved,but thisstepis apre-computationstep.Thecomputationof theappearanceparametersis

minimal just takingtime y

��½

x

�

. Thecomputationcostis summarizedin Table4.

3.2.3 Caveat: StepSizeModeling Gain

Overall theprojectout algorithmperformswell, asis demonstratedin Section3.4. Thereis one

scenario,however, when it performsparticularlypoorly. In particular, if the linear appearance
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Table4: Thecomputationalcostof theprojectout inversecompositionalalgorithmis almostidenticalto
theoriginal inversecompositionalalgorithm.Theonly additionalcostis: (1) computingthesteepestdescent
imagesin Step5, and(2) theoneoff extracostof computingtheappearanceparametersin Step10.

Pre- Step3 Step4 Step5 Step6 Total
Computation Ÿ>~ •8„ Ÿ•~ œ²•4„ Ÿ>~ œ²áÉ•8„ Ÿ>~ œ

1

•
”mœ

z

„ Ÿ>~ œ

1

•£”wœ²áÉ•å”–œ

z

„

Per Step1 Step2 Step7 Step8 Step9 Total
Iteration Ÿ>~ œ²•8„ Ÿ•~ •4„ Ÿ>~ œ²•8„ Ÿ>~ œ

1

„ Ÿ>~ œ

1

„ Ÿ>~ œ²•
”mœ

1

„

Post- Step10 Total
Computation Ÿ•~ áÉ•4„ Ÿ>~ áÉ•4„

variationis usedto model“gain,” thestepsizeis estimatedincorrectlyaswenow show.

As mentionedabove,onecommonuseof linearappearancevariationis to modelgainandbias.

If

º

��	F�

and

º

1 is the“all one” image,Equation(18)becomes:

�������Ó3

¹

�%���'���s3

¹

1 (39)

which hasa gainof
¼²3

¹

�

anda biasof
¹

1 (relative to theoriginal template.)Any gainandbias

canthereforeberepresented.For now supposethatonly gainis modeled;i.e. set
¹

1

	

ù .

If theinput image �

�����

is a perfectmatchto thetemplate
�g�'���

with no appearancecorrection

(for somesetof warp parameters
�

), thenthe input image �Ç�

�����

mustalsobe a perfectmatch

with theappearancecorrection
�

�

-F¼÷�&�������

(andthesamesetof warpparameters
�

.) Whenthe

appearancevariationconsistsof

º

�9	?�

, theparameterupdatefor �

�����

is:

2

�A	 -in
o

�

ì þ

)
*

jlk

�

ì<þ

�����

,

�������.-

�

�

�

���/�������V0•	 n
o

�

ì þ

)
*

j�k

�

ì<þ

�����

�
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���/�������O!

(40)

The
�g�'���

termdisappearsbecause

º

��	?�

andsothesteepestdescentimageshavenocomponent

in the
�

direction.Theinnerproduct •

*

jlk­ì<þ

�'���&�������

is thereforezero.Similarly, theparameter

updatefor �9�

�����

is:

2

�A	 -¨n
o

�

ì<þ

)+*

j�k

�

ì<þ

�����

,

���'���.-

� �

�
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���/�������V0•	
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n
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�

ì<þ

)+*

jlk

�

ì þ

�'���
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�������(���³!

(41)
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So,althoughtheprojectout algorithmwith thetwo inputs �

�����

and �9�

�����

shouldconvergeto the

samewarp parameters
�

, the algorithmtakesstepsthat arelarger by a factorof � in the second

case.If ���

¼

thealgorithmwill thereforelikely divergebecauseit takestoo big steps.If ���

¼

thealgorithmwill probablystill converge,but therateof convergencewill beveryslow.

Thereare variousways to correctfor this “step-size”problem. One possibility is to usea

dynamicstep-sizeadjustmentalgorithm like Levenberg-Marquardt[3]. Suchalgorithmscheck

thateachstepof thealgorithmresultsin animprovementin theerror. If theerrordoesnot improve

andthealgorithmis diverging, a smallerstepsizeis tried. Anotherpossibility is to computethe

magnitudeof thecomponentof �

�

�

�'�����(���

in thedirectionof
���'���

(normalizedappropriately):

�

	
•

*

�

�

�

�������(���&���'���

•

*

�����'�����

1

(42)

andthenreducethestepsizecomputedin theprojectout algorithmby that factor; i.e. insteadof

usingStep8 in Figure4 use:

2

�A	 -

¼

�

n
o

�

ì<þ

)\*

jlk

�

ì<þ

�'���\qæ�����³!

(43)

As canbeseen,whenthegainis approximately
¼§!

ù and �

�

�

�������(�����h���'���

, then�

� ¼

andsothe

step-sizecorrectiondoesnotaffect thealgorithm.Similarly, whenthegainis � and �

�

�

���/���������

�

�g�'���

, then �

�

� and the step-sizeis correctedappropriately. The additionalcomputational

costof evaluatingEquations(42) and(43) is just y

�

x

�

andso is negligible. In Section3.4 we

empiricallyevaluatethestep-sizecorrectionalgorithmde�ned by Equations(42)and(43).

3.2.4 Discussion

Supposethat
�a	

º

�

. The setof imagesspannedby
�������/3

•
µ

¶¸·

�

¹

¶•ºÄ¶

�����

is thenthe sameif
�A	

ºi¶

for any »

		�…
"!"!"!<
³½

, or even for
�

any other imagein
Ð�é%Í¾Î��

º>¶

�

; i.e. the appearance

modelis thesamefor a varietyof differenttemplates.Any of thesetemplatescouldbeusedwith

theprojectoutalgorithmandtheresultshouldtheoreticallybethesame.In particular, if themodel
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includesa biasterm, the “all one” imageis a very badchoicefor the template.In this case,the

gradientof the templateandthesteepestdescentimageswould all be exactly zero,a degenerate

case,andthealgorithmwould not beapplicable.This degeneracy suggeststhatsomeimagesare

not asgooda choicefor the templateasothers. The questionof what is the bestchoicefor the

template,andwhetherthechoiceof thetemplateaffectstheprojectout algorithmdifferentlythan

it doesthesimultaneousalgorithmareoutsidethescopeof thispaperandareleft for futurestudy.

3.3 The Normalization InverseCompositionalAlgorithm

3.3.1 Goal of the Algorithm

Onefrequentlyusedwayof copingwith gainandbiasvariationis to “normalize”boththetemplate
�������

andtheinput image�

�

�

�'�����(���

. In particular, in many applicationssuchasfacerecognition

usingeigenfacesthemeanpixel intensities,or colors,aresetto zerovia:
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(44)

Next, thevector
�������

is setto haveunit normvia:
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(45)

Similarly, thesetwo stepsarealsoappliedto �

�

�

���/�������

. The result is to remove the effect of

gainandbias.Moreover, thegainandbiascaneasilybecomputedfrom 
 and � . We now derive

asimilar normalizationalgorithmfor arbitrarylinearvariation.

3.3.2 Derivation of the Algorithm

Equation(44)canbere-arrangedto:
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(46)
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Equation(44) canthereforebe regardedasprojectingout the (unit) vector
�

�

� �


"!"!"! 


�

� �

�

. Our

proposalfor anormalizationalgorithmis to performananalogousstepfor eachappearancevector
ºi¶

. A minor difference,however, is that insteadof projectingout the entirecomponentin the

direction

ºi¶

from both �

�

�

�'�����(���

and
�g�'���

, we insteadproject out only enoughso that the

componentof �

�

�

���/�������

is the sameas that of the template
�������

. One possibleway to do

this would be to apply the appropriatenormalizationto �

�

�

���/�������

directly after Step1 of the

algorithm(seeFigure2). In turnsout,however, thataftersomesimplealgebra,this normalization

canbe achieved by normalizingthe error imageso that the componentof the error imagein the

direction

ºi¶

is zero; i.e. this makesthe componentof �

�

�

�����������

and
�g�'���

in the direction

º•¶

thesame.As anaddedbene�t, anestimateof theappearanceparameter
¹

¶

canbecomputedin the

process.In particular, thenormalizationstepconsistsof:

¹

¶
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¹

¶^ºÄ¶

�����

(47)

whereagainwe assumethat the

º¨¶

areorthonormal.Insertingthis stepinto the inversecomposi-

tionalalgorithmgivesthenormalizationinversecompositionalalgorithmsummarizedin Figure5.

Theonly differencebetweenthenormalizationalgorithmandtheinversecompositionalalgorithm

is theadditionof Step2a. Hence,thecomputationcostof the two algorithmsis similar. SeeTa-

ble 5 for a summary. Step2amustbeperformedin every iteration(unlike theanalogousStep10

in theprojectout algorithm)andsothenormalizationalgorithmcanbesubstantiallyslower than

theprojectout inversecompositionalalgorithmwhen
½

�Àt .

3.3.3 StepSizeAdjustment Modeling Gain

Thenormalizationinversecompositionalalgorithmis proneto thesameerrorin thestepsizeesti-

matethattheprojectout algorithmis. SeeSection3.2.3.Thesamecorrectioncanbeapplied.We

canevenusethenormalizationalgorithmto computethestepsizecorrectionevenmoreef�ciently .
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The Normalization InverseCompositionalAlgorithm

Pre-compute:

(3) Evaluatethegradient‡sž of thetemplateži~•€l„

(4) EvaluatetheJacobian
JOR

JMS

at ~•€�‚+¬‹„

(5) Computethesteepestdescentimages‰%Š

©«ª

~•€l„ usingEquation(16)
(6) ComputetheHessianmatrix Œ

©«ª usingEquation(17)andinvert it

Iterate:

(1) Warp | with }•~•€�‚\ƒ.„ to compute|…~•}a~•€�‚\ƒ.„_„

(2) Computetheerrorimage†H~•€l„ usingEquation(10)
(2a) Estimateã andcompute†

îOþ

�

Ù

~•€l„ usingEquation(47)
(7) Compute
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(8) ComputeŽ•ƒ4•¡®(Œ
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~•€l„�†
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~•€l„

(9) Updatethewarp }a~•€�‚\ƒ.„.’°}a~•€�‚\ƒ.„‹±�}a~•€�‚+Ž•ƒ.„

o

�

until —�Ž•ƒ�—9™pš

Figure5: The normalizationinversecompositionalalgorithmis almostexactly the sameasthe original
inversecompositionalalgorithm. The only differenceis theadditionof Step2a in which the input image

|…~•}a~•€�‚\ƒ.„_„ is normalized(usingtheerrorimage†�~•€l„ ). Thecomputationcostof thealgorithmis therefore
similarandis summarizedin Table5. If á����vœ thenormalizationalgorithmcanbea lot slower however.

Table5: Thecomputationcostof thenormalizationinversecompositionalalgorithmis almostidenticalto
thatof theoriginal inversecompositionalalgorithm.Theonly changeis theadditionof Step2a. Step2ais
analogousto Step10in theprojectoutalgorithm.Thedifference,however, is thatStep2amustbeperformed
in every iterationandsothenormalizationalgorithmcanbea lot slower thantheprojectoutalgorithm.

Pre- Step3 Step4 Step5 Step6 Total
Computation Ÿ•~ •4„ Ÿ>~ œ²•8„ Ÿ•~ œ²•4„ Ÿ>~ œ

1

•£”wœ

z

„ Ÿ•~ œ

1

•
”mœ

z

„

Per Step1 Step2 Step2a Step7 Step8 Step9 Total
Iteration Ÿ>~ œ²•8„ Ÿ•~ •4„ Ÿ>~ áÉ•8„ Ÿ>~ œ²•4„ Ÿ>~ œ

1

„ Ÿ>~ œ

1

„ Ÿ>~_~ œH”más„ä•£”wœ

1

„

If wearemodelinggainand

º

��	F�

, then � in Equation(42)canbeestimatedas:

�

	 ¼93

¹

�

(48)

andthenthestepsizecorrected:
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(49)

In Section3.4weempiricallyevaluatethestep-sizecorrectionde�ned by Equations(48)and(49).

20



3.4 Experimental Results

We conducteda variety of experimentsto comparethe performanceof the 3 linear appearance

variationalgorithms(simultaneousinversecompositional,projectout,andnormalization)andtheir

variants. Our experimentalprocedureis similar to that in [3]. In particular, we startedwith the

image�

�����

in Figure2 of [3]. Wemanuallyselecteda
¼

ù§ù•u

¼

ù§ù pixel template
�������

in thecenter

of theface.Wethenaddedtheappearancevariation •

µ

¶¸·

�

¹

¶•ºi¶

�����

to �

�����

. Theexactchoiceof
½

,

¹

¶

, and

ºi¶

�����

dependson theexperimentin questionandis describedin detailbelow.

Wethenrandomlygeneratedaf�ne warps�

���������

in thefollowing manner. (Weusethesame

procedurethat wasusedin [3].) We selected3 canonicalpoints in the template. We usedthe

bottomleft corner
�

ù




ù

�

, thebottomright corner
� �!�Ë


ù

�

, andthe centertop pixel
�#"$�Ë
%�$�…�

asthe

canonicalpoints.We thenrandomlyperturbedthesepointswith additivewhite Gaussiannoiseof

acertainvarianceand�t for theaf�ne warpparameters
�

thatthese3 perturbedpointsde�ne. We

thenwarped �

�'����3

•
µ

¶¸·

�

¹

¶Áºi¶

�����

with the af�ne warp �

���������

andrun the variousalgorithms

startingfrom theidentitywarp.Whereappropriate,theappearanceparametersareinitialized to ù .

Sincethe6 parametersin theaf�ne warphavedifferentunits,they mustbecombinedin some

way. Weusethesameerrormeasureasin [3]. Giventhecurrentestimateof thewarp,wecompute

thedestinationsof the3canonicalpointsandcomparethemwith thecorrectlocations.Wecompute

theRMSerroroverthe3 pointsof thedistancebetweentheircurrentandthecorrectlocations.(We

preferthiserrormeasureto normalizingtheunitssothatthe6 parameterserrorarecomparable.)

As in [3], wecomputethe“averagerateof convergence”andthe“averagefrequency of conver-

gence”overa largenumberof randomlygeneratedinputs(5000to beprecise).Eachinputconsists

of adifferentrandomlygeneratedaf�ne warp.For thesimultaneousandnormalizationalgorithms

wesometimesalsoplot a“rateof convergenceof theappearanceparameters”.Thismeasureis only

meaningfulfor theprojectout algorithmafterthealgorithmhasconverged.Theerrormeasurefor

theappearanceparametersis theEuclideanL2 normof theappearanceparametervector Â .
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3.4.1 Experiment 1: Comparisonwith InverseCompositional

Thegoalof Experiment1 is to show thatall of thelinearappearancevariationalgorithmscancope

with someappearancevariation,andyetstill performaswell astheoriginal inversecompositional

algorithmwhenthereis noappearancevariation.In otherexperimentswewill investigatehow the

algorithmscomparewith varyingdegreesof appearancevariation,andin thepresenceof additive

noise.For now, we just considera very simplecase.In particular, we just use
½7	°¼

appearance

variationimage

º

�

. Thespeci�c imagethatweusedis theimageof adifferentfaceapproximately

alignedwith thefacein thetemplate.(As describedin Section5.4we aremakingall of our code

availablesothatthereadercanexperimentwith otherchoicesfor

º

�

.)

Theresultsareshown in Figure6. In Figures6(a)and(b) we includeplotsof theconvergence

rateandfrequency of convergencefor
¹

�Ä	

ù

!

ù , no appearancevariation. In Figures6(c) and(d)

we includesimilar plots for
¹

�H	

ù

!'&)(

u+*-,.*

*

ð

]

*

, a relatively largeamountof appearancevariation

(the appearancevariationaccountsfor approximatelyonequarterof the combinedinput image).

We includecurvesfor 5 algorithms,(1) theoriginal inversecompositionalalgorithmwith no ap-

pearancevariation modeling(IC), (2) the simultaneousinversecompositionalalgorithm (SIC),

(3) the ef�cient variant of the simultaneousalgorithm (SIC-EA), (4) the project out algorithm

(PO),and(5) thenormalizationalgorithm(NIC). Themainthingsto notein Figure6 are:(1) with

no appearancevariation(
¹

� 	

ù

!

ù§ù ) all of thealgorithmsperformalmostidentically, and(2) with

¹

�9	

ù

!/&)(

u0*-,.*

*

ð

]

*

theoriginal inversecompositionalalgorithmperformsfarworse,whereasall four

of theappearancevariationalgorithmsperformverywell, andsimilarly. Theseresultsdemonstrate

thatall 4 of theappearancevariationalgorithmscancopewith fairly substantiallinearappearance

variation,whereastheoriginal inversecompositionalalgorithmcannot.

3.4.2 Experiment 2: Varying
¹

�

In Experiment2weinvestigatehow theperformanceof the4 appearancevariationalgorithms(SIC,

SIC-EA, PO,andNIC) varieswith theamountof appearancevariation. We re-ranExperiment1
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Figure6: A comparisonof the inversecompositionalalgorithmwith no appearancevariationmodeling
(IC) with 4 differentlinearappearancevariationalgorithms:(1) thesimultaneousinversecompositionalal-
gorithm(SIC),(2) theef�cient variantof thesimultaneousalgorithm(SIC-EA),(3) theprojectoutalgorithm
(PO),and(4) thenormalizationalgorithm(NIC). (a) and(b) containresultsfor 1

�

•<2§à42 anddemonstrate
that all of the algorithmsperformsimilarly with no appearancevariation. (c) and(d) containresultsfor

1

�

•=2§à7658>9

*-,.*

*

ð

]

*

anddemonstratethattheinversecompositionalalgorithmbreaksdown with appearance
variationwhereasall 4 of theappearancevariationalgorithmsareableto copewith theappearancevariation.

with thesamesingleappearanceimage

º

�

for a varietyof differentvaluesof
¹

�

. In Figure7 we

includeresultsfor
¹

�9	ÿ¼§!

ù´u
*-,?*

*

ð

]

*

and
¹

�9	@�r!

ù´u
*-,?*

*

ð

]

*

.

In Figures7(a) and(b) we plot the rateof convergence,andin (c) and(d) the frequency of

convergence.Theresultsshow thatas
¹

�

increasesthe4 algorithmsperformverydifferently. The

simultaneousalgorithmperformsby farthebest,whereastheperformanceof theother3algorithms

(SIC-EC,PO,andNIC) is far worse.(Note,however, thatwhen
¹

	A�r!

ùsu *-,?*

*

ð

]

*

thecontribution
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Figure7: A comparisonof the 4 appearancevariationalgorithms(SIC, SIC-EA, PO,NIC) with varying
amountsof appearancevariation. The resultsshow that the simultaneousalgorithm (SIC) performsfar
betterthantheother3 algorithmsfor very largeamountsof appearancevariation.In (e) and(f) we plot the
rateof convergenceof theappearanceparameter1

�

. For all 3 algorithmsthatestimateit every iteration,the
estimateof 1

�

convergesveryquickly. For theprojectoutalgorithm, 1

�

is only estimatedoncethealgorithm
hasconverged.Theestimateat thatpoint is asaccurateaswith theother3 algorithms,however.
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of theappearanceimage

º

�

to theinput image � is twice thecontributionof thetemplateitself
�

.

In this case,thetemplateis almostimpossibleto seein theinput image.)In conclusion,thesimul-

taneousalgorithmperformsby far thebestwhentheappearancevariationis very large. Also note

thattheother3 algorithmsall performalmostidentically. Theprojectoutandnormalizationalgo-

rithms arevery similar. They both work in thesubspaceorthogonalto the appearancevariation.

The projectout algorithmprojectsthe steepestdescentimagesinto this subspace.The normal-

ization algorithmprojectsthe error imageinto the samesubspace.It is thereforeto be expected

thatthey performalmostidentically. Thefact thattheef�cient approximationto thesimultaneous

algorithmalsoperformsalmostidenticallyis harderto explain. SeeSection5 for a discussion.

Why doesthe simultaneousalgorithmperformfar betterthanthe other threealgorithms?It

is fairly easyto understandwhy the ef�cient approximationto the simultaneousalgorithmdoes

not performaswell. Theapproximationin thesteepestdescentimagesis explicit in theef�cient

approximationalgorithm.For thenormalizationandprojectoutalgorithms,thepoorperformance

is causedby thefact that thecomponentof theerror imagecausedby theappearancevariationin

thesubspaceorthogonalto theappearancevariationis non-zerowhenthealignmentis notcorrect.

Implicitly it is assumedthat this componentis zero,which it only truewhenthe templateis per-

fectly alignedto theinput image.This non-zerocomponentgeneratesanunexpectedperturbation

to theparameterupdateswhich, if largeenough,cancausethealgorithmto diverge.

In Figures7(e)and(f) we plot therateof convergenceof theestimateof theappearancevari-

ationparameter
¹

�

. Theresultsshow thattheestimatesof theappearancevariationfor all 3 algo-

rithmsthatestimateit every iteration(SIC, SIC-EA, andNIC) all convergevery quickly. For the

projectout algorithm,theappearancevariationis notestimateduntil thealgorithmhasconverged,

but whenit is estimated,it is estimatedasaccuratelyaswith theother3 algorithms.

3.4.3 Experiment 3: Varying the Number of AppearanceImages

In Experiment3 we investigatehow the performanceof the 4 appearancevariation algorithms

varieswith the numberof appearanceimages. To do this, we needto decide: (1) what the ap-
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pearanceimages

ºi¶

are,and(2) whattheappearanceparameters
¹

¶

are.We chosetheappearance

imagesby takingalargeimageof somesceneryandrandomlyselectinganumberof sub-imagesof

theappropriatesize.Theresultsarethenorthonormalizedandusedasthe

º˜¶

. To avoid any depen-

denceon themagnitudeof theappearancevariation(seeExperiment2), we chosetheappearance

parameterssuchthat •

¶

¹

1

¶

;

ºi¶

;

1

	T�

ù

!/&$(&�

1

uD;

�

;

1 aswevary thenumberof appearanceimages.

Wealsoset
¹

1

¶

;

ºÄ¶

;

1

to bethesamefor each» to spreadout theappearancevariationequally.

Theresultsfor
�

appearanceimagesand
¼

ù appearanceimagesareshown in Figure8. Themain

point to noteis that theperformanceof all 4 appearancevariationalgorithmsis almostidentical.

Thereis averysmalldropoff in performancebetween
�

and
¼

ù appearanceimages,but thereis no

evidencethatany of thealgorithmsperformssigni�cantly worsethanany of theothers.

3.4.4 Experiment 4: Robustnessto Additi veNoise

In Experiment4 we investigatehow the performanceof the 4 appearancevariation algorithms

variesin the presenceof noise. We repeatedthe conditionsof Experiment1, but following the

procedurein [3], we addedzero-mean,white Gaussiannoiseto the input image � beforewe ran

thealgorithms.Theresultsfor additivenoisewith standarddeviation4.0grey levelsand16.0grey

levelsareincludedin Figure9. Theresultsshow thatoverall thesimultaneousalgorithmis slightly

morerobusttonoisethantheotheralgorithms(whichperformalmostidentically),butnotby much.

As in [3] we alsoranexperimentsaddingnoiseto thetemplateandtheappearanceimages.As in

Figure9, theresultsshow thatall 4 of thealgorithmsperformsimilarly andnoneof thealgorithms

is signi�cantly morerobust to noisethanany of the others. The resultsareomitted for lack of

space,but canberegeneratedusingthecodethatwearemakingavailable.(SeeSection5.4.)

3.4.5 Experiment 5: Modeling Gain

In Experiment5 we investigatehow theperformanceof thealgorithmsvariesmodelinggain. To

modelgain,we set

º

�²	
�

andrun thealgorithmsfor a varietyof differentvaluesof
¹

�

. As well

asthe4 appearancevariationalgorithms(SIC,SIC-EA,PO,andNIC), wealsorun theprojectout
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(a)ConvergenceRate,2 app.images (b) ConvergenceRate,10app.images
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(c) ConvergenceFrequency, 2 app.images (d) ConvergenceFrequency, 10app.images
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(e)AppearanceConvergence,2 app.images (f) AppearanceConvergence,10 app.images

Figure8: A comparisonof the 4 appearancevariationalgorithmswith varying numbersof appearance
images.Theperformancewith B appearanceimagesin (a), (c), and(e) is very similar to theperformance
with Þ%2 appearanceimagesin (b), (d), and(e). If anythingtheperformanceis slightly worsewith Þ%2 images.
Thereis little evidencethatany of thealgorithmsperformsmuchworsethanany of theothers.

27



2 4 6 8 10 12 14
0

1

2

3

4

5

6

7

8

Iteration

R
M

S
 P

oi
nt

 E
rr

or
SIC
SIC-EA
PO
NIC

2 4 6 8 10 12 14
0

1

2

3

4

5

6

7

8

Iteration

R
M

S
 P

oi
nt

 E
rr

or

SIC
SIC-EA
PO
NIC

(a)ConvergenceRate,NoiseSD= 4.0 (b) ConvergenceRate,NoiseSD= 16.0
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(c) ConvergenceFrequency, NoiseSD= 4.0 (d) ConvergenceFrequency, NoiseSD= 16.0
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(e)AppearanceConvergence,NoiseSD= 4.0 (f) AppearanceConvergence,NoiseSD= 16.0

Figure 9: A comparisonof the 4 appearancevariationalgorithmswith varying amountsof zeromean,
white Gaussiannoiseaddedto the input imagebeforethealgorithmsarerun. Otherwise,theexperimental
conditionsareidenticalto Experiment1. The resultsfor noisewith standarddeviation 4.0 grey levelsare
includedin (a),(c), and(e),andfor noisewith standarddeviation16.0grey levelsin (b), (d), and(f). Overall
thesimultaneousalgorithmis slightly morerobustto noisethantheother3 appearancevariationalgorithms.
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algorithmwith thestepsizecorrectiondescribedin Section3.2.3(PO-SS),andthenormalization

algorithmwith thestepsizecorrectiondescribedin Section3.3.3(NIC-SS).Theresultsfor
¹

�¨	

-

ù

!FE!(

(gain
	

ù

!F�$(

) areincludedin Figures10(a)and(b), theresultsfor
¹

��	e¼§!

ù (gain
	G�r!

ù ) in

Figures10(c)and(d), andtheresultsfor
¹

�9	e¼¾!F(

(gain
	H�…!F(

) in Figures10(e)and(f).

For
¹

�²	 -

ù

!/E$(

(gain
	

ù

!/�$(

) theprojectout andnormalizationalgorithmsconvergefar more

slowly thanthesimultaneousalgorithm.Whentheperturbationto theaf�ne warpis largeenough,

the algorithmsconvergeso slowly thanby 25 iterationsnot all of the trials converge. Hencethe

convergencefrequency is affected.Theconvergencefrequency of theprojectoutandnormalization

algorithmsis far worsethan the other algorithms. For
¹

�w	 ¼§!

ù§ù (gain
	 �…!

ù ) the project out

andnormalizationalgorithmsdo converge mostof the time. Looking at the rateof convergence

plot in Figure10(c), however, we seethat they converge to a muchhighererror than the other

algorithms.After apoint,theprojectoutandnormalizationalgorithmsoscillatearoundthecorrect

solution. (This wasveri�ed by watchingthe algorithmsconverge.) Becausethe algorithmstake

a stepthat is roughly twice what it shouldbe, oncethey reachthe approximatelyquadraticpart

of the error function closeto the correctanswer, they remainequally far away from the correct

answer, oscillatingbackwardsandforwards.In our implementation,weuseavery loosede�nition

of convergence(RMSpointerror I

¼§!

ù pixels)andsothesecasesarecountedasconvergingandso

thefrequency of convergencein Figure10(d) is unaffected.For
¹

�¨	°¼¾!F(

(gain
	J�r!/(

) theproject

out andnormalizationalgorithmsfail to convergemostof thetime. They take stepsthatareover

twiceasbig asthey shouldbeandsothey immediatelydiverge.

As in all previousexperiments,theprojectoutalgorithm,thenormalizationalgorithm,andthe

ef�cient approximationto the simultaneousalgorithmperformalmostidentically. The stepsize

correctionsto theprojectout andnormalizationalgorithmsdo appearto work correctly. Both of

thesemodi�ed algorithmsperformvery similarly to thesimultaneousalgorithm. Note,however,

thattheunderlyingcauseof thepoorperformanceof theunmodi�ed projectoutandnormalization

algorithmswith largegainvariationis essentiallythesameasthecauseof thepoorperformance

of thesealgorithmwith large appearancevariationin Experiment2. Thedifferenceis thatwhen
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Figure10: A comparisonof the appearancevariationalgorithmsmodelinggain. In additionto the 4 al-
gorithmsstudiedin thepreviousexperiments,we alsoconsidertheprojectout algorithmwith thestepsize
correctiondescribedin Section3.2.3(PO-SS),andthenormalizationalgorithmwith thestepsizecorrection
describedin Section3.3.3(NIC-SS).Theperformanceof theprojectoutandnormalizationalgorithmswith-
out thestepsizecorrectionis signi�cantly worsethanthesimultaneousalgorithm.Thestepsizecorrection
modi�cation to thesetwo algorithmdoescorrecttheproblemresultingin muchbetterperformance.
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the appearancevariationmodelsgain, the error in the computationof the parameterupdatesis

only manifestedasa stepsizeerror thatcanbecorrectedvery simply with thecorrectionsin Sec-

tions3.2.3and3.3.3.Whetherthereis a similar correctionthatcouldbeappliedto thealgorithms

for arbitrarylargeappearancevariationis anopenquestionandis left asfuturework.

4 Linear AppearanceVariation with a Robust Err or Function

Anothergeneralizationof theexpressionin Equation(1) is to usea robusterror functioninstead

of the“sumof squares”or EuclideanL2 norm.Robustextensionsto theoriginal inversecomposi-

tionalalgorithmarethesubjectof Part 2 of this series[1]. Thegoalin [1] is to minimize:
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with respectto the warp parameters
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is a symmetricrobust error function [12]
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is a vectorof scaleparameters. (See[1] for a discussionof why we

only considersymmetricerror functions.)In [1] we describedhow thescaleparameters
_

canbe

estimatedfrom theerrorimage
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. For easeof explanation,in thispaperwetreat

thescaleparametersasknown constantsandsodropthescaleparametersfrom
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. Hence,we

simplydenotetherobustfunction
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. Finally, see[1] for adiscussionof how to choose
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.

In this sectionwe considerthecombinationof linearappearancevariationwith a robusterror

function. In particular, we investigatehow to minimize:
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simultaneouslywith respectto thewarp
�

andappearanceÂ parameters.We begin in Section4.1

with a review of the inversecompositionaliteratively reweightedleastsquaresalgorithm[1] to

optimizeEquation(50). We proceedin Sections4.2 and4.3 to describerobustextensionsto the

simultaneousandnormalizationalgorithmsof Section3. Both of thesealgorithmsarevery inef-

�cient. Hencewe alsoderive ef�cient approximationsbasedon spatialcoherence[1]. It is not
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possibleto generalizetheprojectout algorithmbecausethereis no notionof orthogonalityfor a

robusterrorfunction.Weexplainwhy in moredetailin Section4.4. Weendin Section4.5by em-

pirically evaluatingtherobustappearancevariationalgorithmsandtheiref�cient approximations.

4.1 Background: IC Iterati vely ReweightedLeastSquares

4.1.1 Goal of the Algorithm

Theinversecompositionaliterativelyreweightedleastsquaresalgorithmminimizestheexpression

in Equation(50)by iteratively approximatelyminimizing:
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with respectto 2
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andthenupdatingthewarp �
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Theproof

of the �rst orderequivalencebetweeniteratingthesetwo stepsandtheforwardsadditive(Lucas-

Kanade)minimizationof theexpressionin Equation(51) is containedin [1].

4.1.2 Derivation of the Algorithm

Performinga �rst orderTaylorexpansionon
���
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�����
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in Equation(52)gives:
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whereagainwe haveassumedthat �

�'���O¦{�

is theidentity warp.Expandinggives:
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where
qs�'���/	F�������B-

�
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is theerrorimage.PerformingaTaylorexpansiongives:
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InverseCompositional Iterati vely ReweightedLeastSquares

Pre-compute:

(3) Evaluatethegradient‡ˆž of thetemplateži~•€l„

(4) EvaluatetheJacobian
JOR

JMS

at ~•€�‚+¬‹„

(5) Computethesteepestdescentimages‰%Š

©«ª

~•€l„

Iterate:

(1) Warp | with }a~•€�‚\ƒ.„ to compute|…~•}a~•€�‚\ƒB„_„

(2) Computetheerrorimage†H~•€l„l•›ž¨~•€l„�®4|…~•}a~•€�‚\ƒ.„_„

(6) ComputetheHessianmatrix Œgo usingEquation(57)
(7) Compute

•

*Rp

i)q

~ †�~•€l„_„

1sr

‰%Š

�

©«ª

~•€l„�†�~•€l„

(8) ComputeŽ•ƒ usingEquation(56)
(9) Updatethewarp }a~•€�‚\ƒB„�’°}a~•€�‚\ƒB„Ú±�}a~•€�‚+Ž•ƒ.„

o

�

until —�Ž•ƒ�—9™pš

Figure11: Theinversecompositionaliteratively reweightedleastsquaresalgorithmconsistsof iteratively
applyingEquation(56)andupdatingthewarp }a~•€�‚\ƒB„s’ }a~•€�‚\ƒB„ä±�}•~•€�‚+Ž˜ƒB„

o

�

à BecausetheHessian
Œ>o dependson thewarpparametersƒ it mustbere-computedin every iteration.Thenaive implementation
of this algorithmis almostasslow astheoriginalLucas-Kanadealgorithm.SeeTable6 for thedetails.

Table6: The computationalcostof the inversecompositionaliteratively reweightedleastsquaresalgo-
rithm. The costof eachiterationis Ÿ>~ œ

1

•�”‘œ

z

„ which is asymptoticallyasslow asthe Lucas-Kanade
algorithm. Sincethealgorithmis soslow, in [1] we consideredtwo ef�cient approximationsto it: (1) the
H-Algorithm [9, 11] and(2) analgorithmthattakesadvantageof thespatialcoherenceof outliers.Both of
theseapproximationsmove (mostof) thecostof computingtheHessianinto thepre-computation.

Pre- Step3 Step4 Step5 Total
Computation Ÿ>~ •4„ Ÿ>~ œ²•8„ Ÿ>~ œ²•8„ Ÿ>~ œ²•8„
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where:
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is theHessianmatrix. Thealgorithmis summarizedin Figure11.

Thecomputationalcostof theiteratively reweightedleastsquaresalgorithmis summarizedin

Table6. Thealgorithmis asslow astheLucas-Kanadealgorithm.Sincethealgorithmis soslow,
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in [1] we consideredtwo ef�cient approximationsto it: (1) the H-algorithm[9, 11] and (2) an

algorithmthat takesadvantageof thespatialcoherenceof outliers. Both of theseapproximations

move(mostof) thecostof computingtheHessianinto thepre-computation.Empiricallywe found

thatthesecondof thesetwo algorithmsperformsfar betterthanthe�rst [1].

4.1.3 Spatial CoherenceApproximation

In the spatialcoherenceapproximationthe templateis subdivided into a setof sub-templatesor

blocks.Usually, if thetemplateis rectangular, theblocksaresub-rectangles,althoughotherchoices

arepossible.Supposethereare t blocks u
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uwv with x
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pixels in the »yx{z block. Equa-

tion (57)canthenberewrittenas:
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Basedonthespatialcoherenceof theoutliers[1], assumethat
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, for exampleby settingit to bethemeanvalue

computedover theblock [1]. Equation(58)canthenberearrangedto:
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The internalpart of this expressiondoesnot dependon the robust function
\
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andso is constant

acrossiterations.Denote:
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The Hessian
n

¶

is the Hessianfor the sub-templateu

¶

andcanbe precomputed.Equation(59)

thensimpli�es to:
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Although this Hessiandoesvary from iterationto iteration,the costof computingit is minimal:

y

�

t•è<t
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. Typically t‚� x (wherex is thenumberof pixelsin thetemplate)andso y

�

t“è<t

1

�

is substantiallysmallerthan y

�

x°è t

1

�

, thecostof computingtheHessianin Step6 of theoriginal

inversecompositionaliteratively reweightedleastsquaresalgorithm.SeeFigure11andTable6.

Thespatialcoherenceapproximationto the inversecompositionaliteratively reweightedleast

squaresalgorithmthenjustconsistsof usingEquation(61) to estimatetheHessianin Step6 rather

thanEquation(57). UsingEquation(61),of course,requiresthattheHessians
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areprecomputed

for eachblock »
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t . Thetotal costof thispre-computationis y
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xaè^t

1

�

.

4.2 SimultaneousIC Iterati vely ReweightedLeastSquares

4.2.1 Goal of the Algorithm

Therobustsimultaneousinversecompositionalalgorithmoperatesby iteratively minimizing:
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simultaneouslywith respectto 2
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and 2´Â
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4.2.2 Derivation of the Algorithm

Theequivalentof Equation(22) in Section3.1 is:
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where
q
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is de�ned in Equation(25). Then,following Section4.1.2leadsto:
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The Robust SimultaneousInverseCompositionalAlgorithm

Pre-compute:

(3) Evaluatethegradients‡sž and ‡ˆÜ

¶

for Ý{•¯Þ"ßOàOàOà<ß\á

(4) EvaluatetheJacobian
JOR

JMS

at ~•€�‚+¬%„

Iterate:

(1) Warp | with }a~•€�‚\ƒB„ to compute|r~•}•~•€�‚\ƒ.„_„

(2) Computetheerrorimage†

Ø

©«Ù

~•€l„ usingEquation(25)
(5) Computethesteepestdescentimages‰‹Š

Ø

©«Ù

~•€l„ usingEquation(24)
(6) ComputetheHessianmatrix Œ
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©«Ù„ƒ

o usingEquation(65)andinvert it
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Figure12: Therobust simultaneousinversecompositionalalgorithmis almostidenticalto theEuclidean
versionin Figure3. Themaindifferenceis that in Steps(6), (7), and(8) the term
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. Thecomputationalcostis asymptoticallythesame.SeeTable7 for thedetails.
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andwhere
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is de�ned in Equation(24). Therobustsimultaneousinversecompositional

algorithmis summarizedin Figure12andits computationalcostin Table7. Overall thealgorithm

is asymptoticallyjustasslow astheEuclideanversion.

The ef�ciency approximationproposedin Section3.1.3canalsobe appliedto the robust al-

gorithm; i.e. to not updatethe steepestdescentimages

jlkÅØ

©«Ù
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from iterationto iteration. On

its own, however, this approximationis not aseffective at improving theef�ciency. Althoughthe

computationof thesteepestdescentimagesin Step(5) canbemovedto thepre-computation,the

Hessianstill dependson thecurrenterror image.SeeEquation(65). In orderto alsomove (most

of) Step(6) to the pre-computation,we alsoneedto make the spatialcoherenceapproximation.

SeeSection4.1.3for the details. Whencombined,however, thesetwo approximationsleadto a

reasonablyef�cient algorithmwhich takestime y
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per

iteration.In Section4.5weempiricallyevaluatebothof thesealgorithms,ef�cient andnot.
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Table7: Thecomputationcostof therobustsimultaneousinversecompositionalalgorithmis asymptotically
exactly thesameasthecomputationalcostof theEuclideanversion.SeeTable3 for comparison.
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4.3 Normalization IC Iterati vely ReweightedLeastSquares

4.3.1 Goal of the Algorithm

The key stepin the Euclideannormalizationalgorithm in Section3.3 is to normalizethe input

image �

�

�

�'�����(���

so that its componentin thedirection

º>¶

for »

	•¼§
"!#!"!#
³½

is thesameasthat

of thetemplate
�������

. It turnsout thatthisnormalizationcaninsteadby appliedto theerrorimage.

SeeEquation(47) for the details. Unfortunately, it is no longerpossibleto useEquation(47) to

performthenormalizationbecauseEquation(47) relieson thefactthattheappearancevectorsare

orthonormal.With a robusterrorfunctiontheappearancevectorsareno longerorthonormal.

4.3.2 Derivation of the Algorithm

Thegoalof thenormalizationstepin Equation(47) is to makethecomponentof theerrorimagein

thedirection

º¨¶

to bezero,whilst computing
¹

¶

at thesametime. We now needto formulatethis

problemusingtherobusterrorfunction.Supposewehaveacurrentestimateof theerrorimage:
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We thenwish to computeupdatesto the appearanceparameters2´Â
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Theleastsquaresminimumof thisexpressionis:
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where
‡–�����/	ÿ�

º

�"�����O
"!"!#!#


º

µ

�'�����

and
n

† is theappearanceHessian:
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The robust equivalentof the normalizationin Equation(47) is thereforeto compute 2´Â using

Equations(68)and(69). TheappearanceparametersarethenupdatedÂ

6

Â

3

2´Â andtheerror

imageis updatedusingEquation(66). TheHessian(andsteepestdescentparameterupdates)also

needsto includetherobusterrorfunction:
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Therobustnormalizationalgorithmis summarizedin Figure13 andthecomputationalcostin Ta-

ble 8. Overall thecomputationcostof the robust normalizationinversecompositionalalgorithm

is far more thanthe Euclideanversionin Table5. The computationof the Hessianin Step(6)

mustbemovedto theper-iterationcomputation.Theerror imagenormalizationin Step(2a)also

becomesfarmorecomputationallydemandingbecauseof thecomputationof theappearanceHes-

sianin Equation(69). It is, however, possibleto apply the spatialcoherenceapproximation(see

Section4.1.3)to both thecomputationof theHessianin Step(6) andthecomputationof theap-

pearanceHessianin Step(2a). Most of thecomputationof thesetwo computationallydemanding

stepscanthereforebemovedinto thepre-computation.Whenbothof theHessiansarecomputed

with thespatialcoherenceapproximation,theresultis areasonablyef�cient algorithmwhichtakes
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The Robust Normalization InverseCompositionalAlgorithm

Pre-compute:

(3) Evaluatethegradient‡ˆž of thetemplatež¨~•€l„

(4) EvaluatetheJacobian
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at ~•€�‚+¬%„
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Figure13: Therobustnormalizationinversecompositionalalgorithmis similar to theEuclideanversionin
Figure5. Theonly changesaretherobustmethodto normalizetheerror imagein Steps(2a)and(2), and
theincorporationof theweightingfunction
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into Steps(6), (7), and(8).

Table8: Thecomputationcostof therobustnormalizationinversecompositionalalgorithmis farmorethan
the Euclideanversionin Table5. The computationof the Hessianin Step(6) mustbe moved to the per-
iterationcomputation.Theerror imagenormalizationin Step(2a)alsobecomesfar morecomputationally
demanding,primarily becauseof thecomputationof theappearanceHessianin Equation(69).

Pre- Step3 Step4 Step5 Total
Computation Ÿ>~ •4„ Ÿ>~ œ²•8„ Ÿ>~ œ²•8„ Ÿ>~ œ²•8„
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periteration.In Section4.5weempiricallyevaluateboth

of thesealgorithms,therobustnormalizationalgorithmandtheef�cient approximationto it.

4.4 Project Out IC Iterati vely ReweightedLeastSquares

TheEuclideanprojectout algorithmuseslinearalgebrato turn a simultaneousoptimizationover
�

and Â into asequentialoptimization,�rst over
�

andthenover Â . Thekey stepin thederivation
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is thetransitionfrom Equation(29) to Equation(30)usingorthogonality. Unfortunately, whenwe

move to therobusterrorfunctionin Equation(51), theequivalentof this stepis not possible.The

error image
q

Ø

©«Ù

�����Ç	£��������3

• µ

¶Ã·

�

¹

¶•ºÄ¶

�'���/-

�

�

�

�������(���

cannotbedecomposedinto thesum

of its componentsin orthogonalsubspaces.Orthogonalityis not evende�ned for a general
\

�

è

�

.

Thereis thereforeno1 robustprojectout algorithmthatsequentiallysolvesfor
�

andthen Â .

An approximationis to ignorethelackof orthogonalityandjust continueto usetheEuclidean

projectout steepestdescentimages.This approachis takenin [11], wheretheH-Algorithm [9] is

alsousedto keeptheHessianconstantto yield anef�cient algorithm.In thefollowing sectionwe

empiricallycomparesuchanalgorithmwith therobustsimultaneousandnormalizationalgorithms.

4.5 Experimental Results

We now evaluate5 of theserobust appearancevariationalgorithms:(1) the robust simultaneous

inversecompositionalalgorithm(RSIC),(2) theef�cient approximationto therobustsimultaneous

inversecompositionalalgorithmusingthespatialcoherenceapproximationto theHessian(RSIC-

EA-SC), (3) the robust normalizationinversecompositionalalgorithm(RNIC), (4) the ef�cient

spatialcoherenceapproximationto thenormalizationinversecompositionalalgorithm(RNIC-SC),

and(5) arobustprojectoutalgorithmverysimilarto theHager-Belhumeuralgorithmof [11] which

ignoresthe lack of orthogonalityof the appearanceimages,keepingthe steepestdescentimages

constant,andapproximatestheHessianwith theH-algorithm[9] (RPO-H).

As describedin [1], evaluatingrobust�tting algorithmsis dif�cult becausethereis noobvious

noisemodelto use.As in [1], weassumethatthemaincauseof noise(i.e.outliers)is occlusionand

generatetheinput imagein thefollowing manner. Theevaluationsaregovernedby oneparameter,

1Notethatit is possibleto deriverobustvariantsof theprojectoutalgorithmby: (1) projectingthesteepestdescent
imagesinto thesubspaceorthogonalto theappearancevariationusingtheweightedL2 normwith weightingfunction

Š%‹•Œ•Ž••’‘ “RŒ’”–•y—�• , or (2) re-orthonormalizingtheappearanceimagesevery iterationwith respectto thesameweightedL2
norm.Neitherof thesealgorithmssequentiallysolvefor ˜ andthen™ . Theappearanceparameters™ mustbecomputed
every iterationto estimateŠs‹šŒ{Ž••{‘ “RŒ{”–•�—�• . Moreover both of thesevariantsareslower thanthe robust normalization
algorithmandperformalmostidentically for the samereasonthe projectout andnormalizationalgorithmsperform
identicallyin Section3.4.2.Since:(1) thesealgorithmsarenot “true” projectout algorithms,(2) they areslower than
therobustnormalizationalgorithm,and(3) they performnobetterthanit, we donotdescribethemin thispaper.
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the percentageof occlusion. Given this parameter, we randomlygeneratea rectanglein �

�'���

entirelywithin the templateregion thatoccludesthe templateby theappropriatepercentage.We

allow a small relative error of 5% in the occlusionregion to allow for the discretenatureof the

pixels.Wethensynthetically“occlude” therandomlygeneratedrectangleby replacingthatpartof

theimagewith anotherimageof theappropriatesize.In [1] weusedavarietyof occludingimages.

For lackof space,in thispaperwejustuseanoccluderextractedfrom animageof naturalscenery.

Anotherthing thatmakesevaluatingrobust�tting algorithmshardis choosingtherobusterror

function.As in [1] weusetherobusterrorfunction:

\

��bM�

�

�<�m	 ›

b Ñ•�

ù•=

b

=

�

�

�

� Ñ•�œbž•

�

�#! (71)

This function classi�es pixels as outliers if the magnitudeof the error is larger than the scale

parameter�

�

. Inliers areweightedequallyandoutliersaregiven zeroweight. We estimatethe

scaleparameter�

�

by assumingthat we know the numberof outliers. We thenestimate�

�

by

sortingtheerrorvaluesandsetting�

�

sothatthecorrectnumberof pixelsareclassi�edasoutliers.

4.5.1 Experiment 6: Varying the Percentageof Occlusion

We �rst investigatethevariationin performanceof the5 algorithmswhenvaryingthepercentage

of occlusion. In this experimentwe use
½ 	 ¼

, set

º

�

to be an imageof somesceneryas in

Section3.4.3,andset
¹

�9	

ù

!'&)(

uŸ*-,.*

*

ð

]

*

. Theresultsfor 10%occlusionareshown in Figures14(a)

and(b), for 30%occlusionin Figures14(c)and(d),andfor 50%occlusionin Figures14(e)and(f).

For lackof space,weonly includeplotsof therateof convergenceandfrequency of convergence.

As expectedthe robust simultaneousinversecompositionalalgorithmperformsthe bestwith

the robust normalizationalgorithm performingslightly worse,particularly for higher levels of

occlusion. The two ef�cient versionsof thesealgorithms(RSIC-EA-SICand RNIC-SC) both

performsimilarly andslightly worsethantherobustnormalizationalgorithm. Therobustproject

out algorithm, ignoring orthogonalityandusing the H-algorithm(RPO-H),performsfar worse,
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Figure 14: A comparisonof 5 robust appearancevariation algorithms: (1) the robust simultaneousal-
gorithm(RSIC),(2) theef�cient approximationto RSICusingthespatialcoherenceapproximationto the
Hessian(RSIC-EA-SC),(3) therobustnormalizationalgorithm(RNIC), (4) theef�cient spatialcoherence
approximationto RNIC (RNIC-SC),and(5) a robust projectout algorithmwhich ignoresthe lack of or-
thogonalityof theappearanceimagesandapproximatestheHessianwith theH-algorithm(RPO-H).RSIC
performsthebest,andRPO-Hby far theworst,highlightingtheimportanceof usingtheright algorithm.
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especiallyfor largerlevelsof occlusion.Thesepoorresultsillustratehow importantit is to usethe

right algorithm.A minormodi�cation to any of thealgorithmscanresultin verypoorperformance.

4.5.2 Experiment 7: Varying
¹

�

Next we investigatethevariationin performanceof the5 algorithmswhenvarying
¹

�

. Westill set
½ 	7¼

and

º

�

to be an imageof somescenery. We setthe percentageof occlusionto be 30%.

The resultsfor
¹

�8	

ù

!/(

u *-,.*

*

ð

]

*

areshown in Figures15(a)and(b), for
¹

�4	

ù

!FE$(

u *-,?*

*

ð

]

*

in

Figures15(c)and(d), andfor
¹

�Ä	�¼§!

ùæu *-,?*

*

ð

]

*

in Figures15(e)and(f). Theresultsaresimilar to

Experiment6 with RSICperformingthebestfollowedby RNIC. As in theexperimentalresultsin

Section3 thegapbetweenthesetwo algorithmsincreaseswith
¹

�

. Althoughtheef�cient variants

of thesealgorithms(RSIC-EA-SCand RNIC-SC) perform similarly for
¹

�p	

ù

!F(

u *-,.*

*

ð

]

*

and

¹

�9	

ù

!FE$(

u
*-,.*

*

ð

]

*

, for
¹

��	ÿ¼§!

ùgu
*-,.*

*

ð

]

*

theef�cient algorithmsperformsigni�cantly worse.Of the

two, theef�cient variationof thenormalizationalgorithm(RNIC-SC)performsslightly better. As

in Experiment6 therobustprojectoutalgorithm(RPO-H)performsquitepoorly in all cases.

4.5.3 Experiment 8: Varying the Number of AppearanceImages

Finally we investigatethevariationin performancewith thenumberof appearanceimages.We �x

thepercentageof occlusionto be30%andotherwisefollow theprocedurein Experiment3 in Sec-

tion 3.4.3.Wechosetheappearanceimagesby takingalargeimageof somesceneryandrandomly

selectinganumberof sub-imagesof theappropriatesize.Theresultsarethenorthonormalizedand

usedasthe

ºi¶

. To avoid any dependenceon themagnitudeof theappearancevariation,we chose

the appearanceparameterssuchthat •

¶

¹

1

¶

;

ºÄ¶

;

1

	 �

ù

!'&)(&�

1

uÿ;

�

;

1 aswe vary the numberof

appearanceimages.We alsoset
¹

1

¶

;

ºi¶

;

1 to be the samefor each» to spreadout the appearance

variationequally. The resultsfor
½ 	 �

areshown in Figures16(a)and(b), for
½ 	¡&

in Fig-

ures14(c) and(d), andfor
½ 		(

in Figures14(e)and(f). The resultsaresimilar to thosein

Experiment3. Theperformanceof thealgorithmsdoesnot vary signi�cantly with thenumberof
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Figure15: An evaluationof thesame5 algorithmsin Figure14varyingtheappearanceparameter1
�

while
keepingthepercentageof occlusion�x edat 30%. All otherexperimentalconditionsremainthesame.As
in Figure14,RSICperformsthebestwith RNIC closebehind.Thegapbetweenthesealgorithms,however,
increaseswith 1

�

. Theef�cient algorithmsRSIC-EA-SCandRNIC-SCbeforesimilarly in (a)–(d)but quite
poorly for larger

1

�

in (e)and(f). As in Figure14,RPO-Hperformsfairly poorly in all threecases.
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Figure16: An evaluationof thesame5 algorithmsin Figure14 varyingthenumberof appearanceimages
á while keepingthe total amountof appearancevariation�x ed at
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1

. The
resultsaresimilar to Figure3.4.3in Experiment3. The4 algorithmsRSIC,RSIC-EA-SC,RNIC, RNIC-SC
all performalmostidenticallyin all 3 cases,with RPO-Hperformingsigni�cantly worse.
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Table9: A summaryof the 6 algorithmswe describedin Section3 for imagealignmentwith linear ap-
pearancevariationusingtheEuclideanL2 norm.Thereare3 mainalgorithms:(1) thesimultaneousinverse
compositionalalgorithm, (2) the project out inversecompositionalalgorithm, and (3) the normalization
inversecompositionalalgorithm.Eachof the3 mainalgorithmshasonevariant.

Algorithm ComputationalCost Performance GainOK

SimultaneousIC Ÿ>~_~ œH”más„

1

•å”É~ œH”más„

z

„ Good Yes
ProjectOut IC Ÿ>~ œ²•
”mœ

1

„ Medium No
NormalizationIC Ÿ>~_~ œH”más„ä•
”mœ

1

„ Medium No
Ef�cient Approximationto SimultaneousIC Ÿ•~_~ œH”más„ä•å”É~ œH”más„

1

„ Medium No
ProjectOut IC with SSCorrection Ÿ•~ œ²•å”mœ

1

„ Medium Yes
NormalizationIC with SSCorrection Ÿ>~_~ œH”más„ä•
”mœ

1

„ Medium Yes

appearanceimages.(Only the magnitudeof the appearancevariationis important.) The 4 algo-

rithmsRSIC,RSIC-EA-SC,RNIC, RNIC-SCall performalmostidentically in all 3 cases.As in

Experiments6 and7, RPO-Hperformssigni�cantly worsethattheother4 algorithms.

5 Conclusion

5.1 Summary

In Section3 we investigatedthe problemof imagealignmentwith linear appearancevariation

usingtheEuclideanL2 norm.Wedescribed3 mainalgorithms:(1) thesimultaneousinversecom-

positionalalgorithm,(2) theprojectout inversecompositionalalgorithm,and(3) thenormalization

inversecompositionalalgorithm.Wealsodescribedanef�cient approximationto thesimultaneous

algorithm,andstep-sizecorrectionsto theprojectout andnormalizationalgorithms.Thesealgo-

rithmsaresummarizedin Table9. Of the6 algorithms,thesimultaneousalgorithmperformsthe

best,but unfortunatelyis veryslow. Theprojectout,normalization,andef�cient approximationto

thesimultaneousalgorithmareall ef�cient, but performsigni�cantly worsein two mainscenarios:

(1) whenthemagnitudeof theappearancevariationis large(comparablein magnitudeto thetem-

plateitself), and(2) whenthealgorithmis usedto modelgain. Thestep-sizecorrectionvariants

of theproject-outalgorithmandnormalizationalgorithmperformwell in thesecondof thesetwo

cases,but still breakdown in thepresenceof generallargemagnitudeappearancevariation.
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Table 10: A summaryof the 4 algorithmswe describedin Section4 for imagealignmentwith linear
appearancevariationusingarobusterrorfunction.Thereare2 mainalgorithms:(1) therobustsimultaneous
inversecompositionalalgorithm,and(2) therobustnormalizationinversecompositionalalgorithm.Bothof
thesealgorithmsareveryslow andsofor eachonewederivedanef�cient approximationto it.

Algorithm ComputationalCost Performance

RobustSimultaneousIC (RSIC) Ÿ•~_~ œH”más„

1

•å”‘~ œH”–ás„

z

„ Good
RobustNormalizationIC (RNIC) Ÿ>~_~ œ

1

”wá

1

„ä•
”mœ

z

„ Medium
Ef�cient RSIC(RSIC-EA-SC) Ÿ>~_~ œH”más„

1¥¤

”É~ œH”más„ä•å”É~ œH”más„

z

„ Medium
Ef�cient RNIC (RNIC-SC) Ÿ>~_~ œ

1

”wá

1

„

¤

”‘~ œH”–ás„ä•
”wœ

z

„ Medium

Anotherpoint to noteis thattheprojectout, normalization,andef�cient approximationto the

simultaneousalgorithmperformalmostidentically in all of our experiments.Theprojectout and

normalizationalgorithmsbothwork in thesubspaceorthogonalto theappearancevariation. The

projectout algorithmprojectsthesteepestdescentimagesinto this subspace.The normalization

algorithmprojectstheerror imageinto thesamesubspace.It is thereforenot surprisingthat they

performalmostidentically. Thefactthattheef�cient approximationto thesimultaneousalgorithm

alsoperformsalmostidenticallyis harderto explain. Findinganexplanationis left asfuturework.

In Section4 we investigatedtheproblemof imagealignmentwith linearappearancevariation

usinga robust error function. We described2 main algorithms: (1) the robust simultaneousin-

versecompositionalalgorithmand(2) therobustnormalizationinversecompositionalalgorithm.

We also describedef�cient approximationsto both of thesealgorithms. Thesefour algorithms

are summarizedin Table10. Of the 4 algorithms,the robust simultaneousalgorithmperforms

the best,but unfortunatelyis very slow. The robust normalizationalgorithmperformssimilarly,

but slightly worse.Theef�cient approximationsto thesealgorithmsbothperformfairly well ex-

ceptwhenthemagnitudeof theappearancevariationis large(comparableto the templateitself).

We alsoempirically comparedthese4 algorithmswith a robust projectout algorithmsimilar to

the Hager-Belhumeuralgorithm[11] which ignoresthe lack of orthogonalityof the appearance

images,keepingthesteepestdescentimagesconstant,andapproximatestheHessianwith theH-

algorithm[9]. Thisalgorithmperformssigni�cantly worsethanthe4 algorithmsin Table10.
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5.2 Discussion

In Parts1 and2 of this seriesof paperswe discussedwhich is the bestalgorithm to use. The

discussioncenteredon two topics: (1) thenatureof thenoiseand(2) whetheror not anef�cient

algorithmis required.Thesameis truehere.Thebestalgorithmto usedependson thenoiseand

thecomputationalrequirements.If theimagenoiseis approximately(i.i.d.) Gaussianthenoneof

the EuclideanL2 norm algorithmsdescribedin Section3 shouldbe used. If not, an appropriate

robusterrorfunctionandoneof thealgorithmsin Section4 shouldbeusedinstead.

If computationalspeedis not anissue,thebestEuclideanalgorithmto useis thesimultaneous

algorithm.It clearlyperformsthebestin all of our experiments.If high ef�ciency is required,the

projectout algorithmis the fastest,andperformsaswell asany of the otheref�cient algorithms

(theef�cient approximationto thesimultaneousalgorithmandthenormalizationalgorithm.)Care

shouldbetaken,however, whenthereis largeappearancevariation. In suchcases,theprojectout

algorithmwill not performanywherenearaswell asthesimultaneousalgorithm. If thesystemis

beingusedto modelgain, the step-sizecorrectionvariantof the projectout algorithmshouldbe

usedasit doesnotslow thealgorithmsigni�cantly, andincreasestherobustnesssubstantially.

In termsof therobustalgorithms,if computationalspeedis not an issuethebestalgorithmto

useis therobustsimultaneousinversecompositionalalgorithm.It clearlyperformsthebestin all of

our experiments.If ef�ciency is required,theef�cient approximationto therobustnormalization

inversecompositionalalgorithmusingspatialcoherenceto computethe Hessianis probablythe

bestchoice. Careshouldbe taken, however, when there is large appearancevariation. If the

magnitudeof theappearancevariationis morethanabouthalf themagnitudeof thetemplate,the

performanceof theef�cient robustnormalizationalgorithmwill beadverselyaffected.

5.3 Futur e Work

In Part1 of thisseriesof paperswecoveredtheforwardsadditive,forwardscompositional,inverse

additive, and inversecompositionalalgorithms. We also coveredthe Newton, Gauss-Newton,
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steepest-descent,Levenberg-Marquardt,and diagonalHessianvariantsof the inversecomposi-

tional algorithm. In Part 2 we coveredthechoiceof theerror function,anddevelopedalgorithms

for bothweightedL2 normsandrobusterrorfunctions.In this,Part 3, we coveredtheadditionof

linearappearancevariation,bothwith theEuclideanL2 normandwith a robusterrorfunction. In

theupcoming,and�nal, Part 4, we will cover theadditionof priorson thewarpandappearance

parameters,bothwith aEuclideanL2 normandwith a robusterrorfunction.

5.4 Matlab Code,TestImages,and Scripts

Matlabimplementationsof all of thealgorithmsdescribedin this paperwill bemadeavailableon

theWorld WideWebat: http://www.ri.cmu.edu/projects/project515.html.Wewill alsoincludeall

of thetestimagesandthescriptsusedto generatetheexperimentalresultsin thispaper.
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